
RMK31 

2 

-x 

SIMILARITY THEORY AND RESISTANCE 
LAWS FOR THE ATMOSPHERIC 

BOUNDARY LAYER 

by J.W Melgarejo 

SMHI SWEDISH METEOROLOGICAL AND HYDROLOGICAL INSTITUTE 





SMHIReports 
Meteorology and Climatology 

RMK31 

SIMILARITY THEORY AND RESISTANCE 
LAWS FOR THE ATMOSPHERIC 

BOUNDARY LAYER 

by J.W Melgarejo 



SMHis tryckeri, Norrköping 19 83 



lssuing Agency 

Author (s) 

SMHI 
Box 923 
S-601 19 NORRKÖPING 
SWEDEN 

Jose W. Melgarejo 

Title (and Subtitle) 

Report number 

RMK 31 

Reportdate 
September 1982 

Quasi-stationary structure and resistance laws of the 
boundary layer of time - dependent height above sloping 
terrain 

Abstract 
The theory of the boundary layer above a therrrBlly active inclined terrain , in 
which the actual height h of the boundary l ayer is used as length scale, is 
presented. Analytical solutions for the mean wind and temperature structures 
are obtained. These solutions are seen to depend on the non-dimensional para­
meters h/L, A = h /A, h/z , the slope angle ~' the direction of the geo-

s S 0 

strophic wind x in addition to z/h. As by-products of these solutions (1) 
expressions for the similarity theory stability functions a, band c are ob­
tained which are in agreement with the theoretical expressions of Zilitinkevich 
and Brost and Wyngaard (2). For slope angles much less than 0.01, ~ = 0 yields 
the well-known expressions of Zilitink:evich and Deardorff. The appreciable in­
fluence of ~ and x on the geostrophic drag coefficient and on the cross­
isobaric angle a is assessed and and presented in graphical form. Finally , a 
preliminary test which shows that the predicted a is in satisfactory agree­
ment with observations, is also presented. 

Keywords 

Boundary layer of time-dependent height, 
boundary layer above sloping terrain, 
similarity theory and resistance laws of the boundary layer 

Supplementary notes 
Generalized formulas for the existence 
and heat-transfer laws are obtained which 

Number of pages Language 

English 

include influences of slope angle and the'--------------'---------~ 
angle the geostrophic wind makes with the fall-line direction 
ISSN and title 

0347-2116 SMHI Reports Meteorology and Climatology 
Report available from: 

Liber Grafiska AB/Förlagsorder 
S-162 89 STOCKHOLM 
SWEDEN 





LIST OF CONTENTS 

1 . 

2 . 

3 . 

4 . 

5 . 

6 • 

7 . 

8 • 

INTRODUCTION 

FORMULATION OF THE PROBLEM 

a) Governing equations 

b) Non - dimensionalization of the equations 

SOLUTION OF THE PROBLEM 

DETERMINATION OF THE CONSTANTS OF INTEGRATION 

EXPRESSIONS FOR THE RESISTANCE AND HEAT­
TRANSFER LAWS 

ASSESSMENT OF THE INFLUENCE OF ~ AND X ON 
THE RESISTANCE LAWS 

COMPARISON WITH OBSERVATIONS 

CONCLUDING REMARKS 

ACKNOWLEDGEMENTS 

LIST OF SYMBOLS 

REFERENCES 

APPENDIX 

Page 
1 

4 

4 

6 

9 

1 0 

1 2 

1 7 

26 

29 

29 

30 

3 1 

33 





1. INTRODUCTION 

The problem of a stationary, horizontally hom::>geneous and therrnally strati­

fied turbulent atm::>spheric boundary layer (ABL) above a slightly inclined ter­

rain was recently considered by Gutrnan and Melgarejo (1981) . This ABL over a 

sloping terrain will be called hereafter the buoyant EkJn:m layer (BEL) to dis­

tinguish it from the usual Ekm3.n boundary layer over a horizontal surface 

(EBL). The underlying terrain was assurred to be therrnally active having an 

appreciable excess or deficit of heat everywhere along the slope as compared 

to that of the overlying air at the same level and having a constant slope 

angle of the order of 10 deg or less . In this case and in the case when the 

stratification is large, a balance between the Coriolis force, the frictional 

force and the 'drainage' force (component of the Archinedian force parallel 

to the slope) must be JTB.intained in a non-accelerating, steady flow . From such 

a balance a system of one-dirnensional equations that couples the EBL equations 

and the Prandtl 'slope wind' equations was derived. Analytical solutions were 

then obtained for the rnean wind and temperature fields as functions of (be­

sides ~ and x) the non-dinensional height z/As and the internal parameter of 

stratification µs = A/1. 1 Here As is the length scale defined by As = 

sk u /f which is also thought of as the thickness of the stationary and hori-
* 

zontally hom::>geneous (i e equilibrium) BEL analogous to the thickness of the 

EBL A = k u / f (i e for ~ = 0 . 0) when the stratif ication is neutral~ However , * . 
recent theoretical studies have suggested that the actual height of the ABL 

isa m::>re relevant length scale. 

1 Notations are given in the list of symbols . 
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In fact, ~ardorff (1972a, 1974) and Wyngaard et al (1974) have shown that for 

a diurnally evolving ABL its depth is not related to A (or As) . Moreover, Monin 

and Zilitinkevich (1974) and Zilitinkevich (1975) have shown that for an un­

stable ABL capped by a stably stratified atmosphere , it would take about two 

years to grow to its equilibrium height for an inversion strength of 4 deg/km. 

Therefor e , it is clear why the Coriolis force must have little or no effect . 

0n the other hand , the stable ABL would take only about a day to reach its 

equilibrium depth . Of course , in this latter case the effect of the Coriolis 

force is not negligible . 

For these reasons , it is therefore expedient to generalize the rnodel of Gutman 

and Melgarejo (1981) to include the actual height hs of the BEL as a length 

scale in lieu of A (the subscript is used to distinguish h from h , the actual s . s 
height of the EBL) . As a result, the derived solutions will depend parameteri-

cally on tirre and horizontal coordinates (through hs) . The aim of this paper 

is thus to obtain solutions for the mean wind and temperature structures of 

the BEL above a sloping terrain using its actual height as an additional para­

rreter . As by-products of these solutions , generalized expressions for the re­

sistance and heat-transfer laws of Zilitinkevich and ~ardorff (1974) will be 

presented . Moreover , graphical solutions showing the effects of slope and di­

rection of geostrophic wind with respect to the fall- line vector (oriented 

downward along the slope, see fig 1a) on the cross- isobaric inflow angle and 

the geostrophic drag coefficient will be given . Lastly ,· comparison of model 

results with observations will be attempted . 
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2. FORMULATION OF THE PROBLEM 

a. Governing equations 

From the balance of forces in the BEL referred to above, aset of one-dimen­

sional equations fora stationary flow is presented in Gutrran and Melgarejo 

(1981). However, because the form of these equations ma.y be unfamiliar and 

for completeness, the following form is derived in detail in the Appendix: 

d (K dp) f 
0 dz l S p = dz ( 1 ) 

d (K dq) 0 dz = · dz (2) 

where 

p = s(v' + 8' St/f) + iu' 
(3) 

q = v' - 8' f/(y't) (yi = y/a8) 

s = (1 + x2) - J/2; X = (N't/fl; N' = ls-yT (4) 

and 

u' = u - G cos X 

v' = V - G SID X (5) 

8' = 8 - 0 

'Ihe TIDdel for eddy viscosity Kis from Zilitinkevich (1970, pp 81, 204-209/ 

l<:u z z quL} 
* L < 0 

ck 4 SH ) i/3 2 4/3 z > Z: L 
-i: pc - u 

K = 
u p (6) 

l<:u z z s_ L/$u I * L > 0 

l<:u L/ S z ~ L/Su 
* u 
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The physical requirernent of u = v = 0 and 0' = 0 as well as the expres­
o 

sions for the fluxes at z = z0 give from (3) and (5) the following boundary 

condi tions : 

p = s(- G sin X+ 00 S~/f) - i G cos X 

Q = - G sin X - 00 f/(y'~) 

u 
z dp = s (k* sin o 

dz 

T u 
* S~/f) + i k* cos o 
~ 

u T 
z dq - * sin o - ~ f/(y'~) 

dz-k aK 

(7) 

where the neutral value of the inverse turbulent Prandtl nurnber ~ is intro­

duced to facilitate comparison with the results of other investigators and 

the last two relationships specify the internal parameters u, T anda, 
* * . 

which are also unknowns of the problem. The sense of the angles 2 x, o and 

a and the coordinate system used is illustrated in fig. 1a. 

The upper boundary conditions will be applied at the top of the BEL (instead 

of at infinity). Thus the assumption of u' = v' = 0' = 0 at z = hs gives 

p = q = 0 (8) 

It is understandable that (8) should be approximately true fora stable BEL. 

In the unstable case, on the other hand, it is observed that jumps in m2an 

potential temperature and wind fields typically develop at hs as a result of 

entrainrnent processes there. Thus following the work of Lilly (1968), 

Deardorff (1973) and others, it is possible to modify (8) to include these 

jumps. But in that case, the appearance of new parameters would make the 

problem more complex and it would becom2 nearly impossible to obtain useful 

explicit analytical solutions (e g see Hoffert and Sud, 1976). For these rea­

sons, then , and assuming that entrainrnent does not play the dominant role .in 

shaping the m2an wind and te:mperature profiles, (8) is retained. 

2 Note that X is m2as~d in a counter-clockwise sense from the fal~-li~e 
vector. Thus o0 (360 ), 90°, 180° and 270° are, for the geostrophic wind, 
in the same direction, to the left , opposite and to the right of the fall­
line vector, respectively. 
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As to the rrodel for K for the layers z .s_ suL and z .s_ L/Su' it is consistent 

with the logarithmic profiles of the dynamic sublayer (see fig . 1b) which 

should always exist independently of stratification in the limit as z + 0 . 

As for the other two forms of K for the layers z ~ suL and z 2:_ L/Su' they 

correspond to stratification types far from neutral , that is, when free con­

vection sets- in in the unstable case and when an approximately constant K pro­

file develops under very stable conditions (Belinskii , 1948 chap . 16) . 

b . Non-dimensionalization of the equations 

As a further developrrent of the problem, the rrodel equations will be non­

dirrensionalized using hs as the proper length scale . Here hs is assurred to be 

known either from observations or can be calculated by one of the theoretical 

or semi- empirical formulas abundant in the literature (D3ardorff , 1972b , 1974 ; 

Tennekes, 1973 ; Benoit , 1976 , Yarrada , 1979 ; etc) . Thus the following non­

dimensional variables (denoted by bars) , are introduced : 

u u 
hsz; * - * -z = p = V- p ; q = k q 

(9) 

K = ku hsK; z = 
0 

hz · so ' h s = 1 

Substituting (9) into (1) , (2) and (6) - (8), the following non-dirrensional 

forms of the equations (with bars orrrrnitted hereinafter) are obtained : 

d (K dp) - iAp 0 dz = dz ( 10) 

d (K dq) = 0 QZ dz . ( 11) 

where 

A = fh /(ksu) = h = h IA 
s * s s s 

( 12) 

From (12) , it is seen that A corresponds to the pararreter hf/ku of the EBL 
* similarity theory when h is used as length scale . To the knowledge of the 

author no clear physical meaning has so far been given to it although theore­

tical studies have appeared where the influence of this pararreter on the pro­

files of the non- dirrensional rrean and internal fields has been shown for 

fixed values equal to or less than 1 (e g D3ardorff , 1972a and Sundararajan , 
19 76) . 
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That this is so can be seen from a recent work by Krishna and Arya 3 (1981), 

who obtained universal profiles for the non-dim2nsional rrean velocity cornpo­

nents and Reynolds stresses for hf/ku near 1. 0n the other hand, perhaps be-
* cause of the explicit appearance of f som2 authors have referred to A as the 

Coriolis effect (Hoffert and Sud, 1976) or as a m2asure of the relative ef­

fects of rotation and friction (Arya, 1977). 

The non-dimensional form of Kis 

z 

K 
_ 1/3 4'3 

= \) z 

\) 

Ch/L < 0)} 
z ~ \) 

Ch/L > 0) 

( 13) 

where 

\) 

={ 1;u(h/Ll - , 

(Suh/L)- 1 

Ch/L < 0) 

( 14) 

Ch/L > 0) 

3 Krishna, K. and S.P. S. Arya, 1981: Wind structure in neutral, entraining 
PBL capped by a low-level inversion: Fifth Symposium on Turbulence, Diffu­
sion and Air Pollution, Atlanta, Ga, USA, March 9-13, 1981 . Arrerican Meteo­
rological Society . Boston, Mass 0218, USA. 
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The non-dirrensional boundary conditions are 

at z = z 
0 

and 

at z 

where 

= 1 ' 

p = -sn sin x + m - in cos x 

s 
q = -n sin x - 1_s 2 m 

z dp = 
dz s sin o + aji 1n + i cos o 

d z _g_ = s in dz 

p = q = 0' 

s -1 
0 - - a,,.T n 1-s 2 t1 

kG l/J n = µ n = k2 m = 
u* s 

e 
0 n-

T* 

( 15) 

( 16) 

( 17) 

To complete the rrathernatical formulation of the problem, it is necessary 

to impose the following conjugate conditions at z = '\) to ensure a smooth 

transition of solutions of the lower layer into those of the upper layer: 

Plz=v+o = Plz=v-o dpl 
dz z=v+o 

- dpl - dz 
z=v-o 

( 18) 

qlz=v+o qlz=v-o dql = dql . - dz dz z=v+o z=v-o 
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3. SOLUTION OF THE PROBLEM 

Since the rrodel of Kis different for the layers z ~vand z ~ v, analytical 

solutions of the system (10) and (11) for K given by (13) will be obtained 

separately for each layer. Then with the help of (18), these solutions will 

be rrade continuous at z = v . 

The solution of (10) for K = z is well known for its role in the theory of 

the resistance of conductors to alternating currents (McLachlan, 1955). The 

solution for z ~ v (v << 1) and A = 1 is discussed in GutrrBn and l1elgarejo 

(1981). Since the extension to arbitrary A is trivial, only its final form 

is given. Thus the solutions of (109) and (11) for z ~vare 

< (z < z < v,· h /L > 0) o- - s 

( 19) 

(20) 

As to the solutions of (10) and (11) for z -2:_ v, the unstable case will be con­

sidered first . After some elementary transforrrB.tions, the solutions that sa­

tisfy ( 16) are 

(21) 

(22) 

The solutions of (10) and (11) that satisfy (16) for the stable case are 

p = C4 sinh [~ (z- 1 )J (23) 

q = C4 (z-1) (24) 

Contrasting the solutions (19)-(24) with those of Gutman and Melgarejo (1981) 

it is seen that they are much. the sarre, except that in (21) and (23) the func­

tion determining the shape of p is sinus hyperbolic (instead of exponential) 

as a result of applying the upper boundary conditions at hs . 
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Solutions of the system (10) and (11) for the special case of constant K and 

length scale As have been obtained by Hsueh (1968, 1971) and Lykosov and 

Gutmm (1972). They discussed at length the implications of their solutions 

for practical applications . It should be noted that 1) the assumption of con­

stant Kis very crude and does not allow for the correct evaluation of fluxes 

at z = z0 and that 2) as a result of applying the upper boundary conditions at 

infinity they mmaged to solve (11) for the stable case only for the trivial 

case q = 0 for all -z. Therefore, it would be of value to reconsider their con­

clusions in the light of (19)-(24) . . 

4 . DETERMINATION OF THE CONSTANTS OF INTEGRATION 

The constants of integration c 1 to c 4 and C1 to C4, real and complex respecti­

vely, appearing in (19)-(24) will now be deterrnined. Substitution from (19) 

and (20) into (15) yields 

- s n sin x + m - 1 n cos x = 

- n sin x s m = - 1-s 2 

(25) 
-1 

s sin cS + 11 n + i cos cS = C2 

s _1 
sin cS - 1 _s 2 11 n = c 2 

It should be noted that because of the smallness of z , 1 e z = z /h « 1 , 
0 0 0 S 

the first and third approximate expressions on the right side of (25) corre-

spond to having solved (10) without the second term i e for the constant flux 

or dynamic sublayer (see fig. 1b) where the Coriolis force plays no role. It 

is seen that (25) in a sense constitutes a closed system of four equations for 

the four unknowns c 1, c2, C1 and C2. However, since the internal parameters n, 

m and cS are also unknowns of the problem, (25) alone does not determine the 

constants of integration. Therefore, it is necessary to invoque (18) to find 

the additional expressions. Substituting (19)-(24) into (18), two equations for 

each of the unknowns c 3 , c 4 and C3 , C4 are obtained in terms of c1, c2 and C1, 

C2 respectively . Elimination of c 4 and C4 from the resultant equations (for the 

stable case) gives, respectively 

1 tn - -
V 

/J ~ I IT 1Av1. 
2Av + 1 + ✓ T +\I 2Äv + ✓ r}l. 

10 
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Sirnilarly the elimination of c 3 and C3 (for the unstable case) yields 

C 
1 = in ..l - 3 + 3v 1/ 3 

C2 \) 

(27) 

Cl 1 
-C = in - - 3 + 3v 1~ + 17A vi 

2 \) 

As in (25) the second expressions in (26) and (27) were obtained by elirninating 

terms with powers of \! greater than one . 

Since (26) and (27) together with (18) determine c 3 , C3 and c~, c~, the solu­

tion of the problem is also cornpleted . 

Surnrrarizing the results of sections 3 and 4, it can be said that (19)-(24) and 

(25)-(27) are the expressions for the quasi-stationary rnean wind and ternpera­

ture structures of the BEL as functions of z/hs, hs/As' hs/L, h/z0 as well as 

of ~ and X· By quasi-stationary is meant that the derived solutions can depend 

parameterically on tirne through hs (and 00 ) . No further discussion of the 

pecularity of the solutions nor of their dependence on the external parameters 

is given here since this can be the topic of another investigation . 

Improvements in the model for K based on more sophisticated theories or in the 

forrrulation of upper boundary conditions to take into account the effects of 

entrainment, etc are not considered since they would lead only to rnore compli­

cated equations with rnore external parameters . Even in the context of a one­

dirnensional rnodel the solution of such equations is tractable usually by nume­

rical rnethods . Examples of models that include these refinernents for the EBL 

case are e g those of Kazanski and Monin (1960) and Hoffert and Sud (1976). 

Tous in the opinion of the author the simple analytical solutions presented 

here are useful not only because they are physically transparent, but also be­

cause the effects of the external parameters can be singled out in a direct 

and simple way . Furtherrnore, from the numerical modeling point of view, ana­

lytical solutions are essential e g for purposes of testing the accuracy of 

nurnerical schemes as in the case of the classical Ekman's solutions. 
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5. EXPRESSIONS FOR THE RESISTANCE AND HEAT-TRANSFER LAWS 

From the solutions obtained above, it will be shown that these can be re­

casted in such a way as to give expressions for u /G, T /0 anda in terms 
* * 0 

of h/z0 , hs/L, µs' N, ~ and X· These expressions will be referred toas the 

resistance and heat-transfer laws to conform with the no:rrenclature in the li­

terature. As a first step in this process, it is convenient to introduce the 

following definitions: 

(28) 

into (26) and (27). 

Equating the real and irraginary parts and substi tuting v from ( 14) , the fol -

lowing expressions are obtained for the functions a, band c: 

for the stable case, and 

a = 17 I'; /µ u s 

h /L 
b - .Q.n(T) - 3 + 3 [si (hs/L)] 113 

u 
hs/L 

c = .Q.n(-1';-) - 3 + 3 [sih/L] l/3 

u 

for the unstable case . 

(29) 

( 30) 

That (29) and (30) are the stability functions (in this study·of the intevnal 

stabilities hs/L and µs = As/1) will beco:rre apparent later on as will the 

choice of the letters a, band c to distinguish them from the corresponding 

functions A, Band C of the theory that uses As alone as length scale. 
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Next, solving (28) for c1 and C1, substituting the result into (25) and equa­

ting the real and inaginary parts , the following system of three equations 

for the three illlknowns, n , m and cS is obtained : 

- s n sin x + m = (b + l)(s sin o + nian) - a cos cS 

- n cos x = (b + l) cos cS + a(s sin cS + n/11) ( 31 ) 

- n sin x - 1:s 2 m = (c + l) (sin cS - 1 :s 2 n/11) 

where 

(32) 

anda , band c are given either by (29) or (30) . The other notations are given 

in previous sections . 

Because of the appearance of two stability functions µs = As/L (via n) and 

h /L , the system (31) is not closed . Perhaps for this reason Arya (1977) re-s . . 
comrnended to use the expression 

h/L = µ 1/2 (33) 

for the stable boundary layer , whereas in the unstable case (and in the middle 

latitudes) the relation hs / L ~ µs is recomrnended . 

In Gutman and Melgarejo (1981) , it was suggested that since horizontal scales 

of rrotion and slope angles are interrelated , ~ = f/N = 0 . 01 constitutes a 

critical slope for boundary layer processes of mesoscale (~ >> 0 . 01) and 

large scale (~ << 0 . 01 ) ~ to occur . In that which follows, solutions of 

(31) forn , m anda f or~ << 0 . 01 only will be presented . Since this case 

corresponds to ABL processes of planetary scale , it becomes a very relevant 

study from the point of view of pararneterization of the ABL for use with nume­

rical TIDdels of large scale flow . 

13 



Tous for~<< 0. 01 in (4), s ~ 1 and therefore hs = h is obtained . Conse­

quently , the solution of (31) forn, m anda fors= 1 (and with the notations 

in (17)) yields the following expressions : 

u 
* 6 

T 
* - 8 = 
0 

where 

°'H( in ~ - c - B3~T 1 

0 

R 
B1 = µ 15; B2 = 

R 
l 

µ D ( µ = A/L; A = 

-1 
B3 = (R~ cos a - R' sin a)Y µ 

(34) 

(35) 

(36) 

k u /f) 
* 

R = (b - c) cos x - a sin x; R' = (b - c) cos x + a sin x (37) 

R1 = (b - c) sin x + a cos x; R~ = (b - c) sin x - a cos x 

anda, band c are given in (29) and (30) . 

Expressions (34) - (36) are the resistance and heat- transfer laws for the BEL. 

That they are the generalized expressions (generalized ta. include the effects 

of ~ and x) of the similarity theories of Zilitinkevich and Deardorff (1974) 

and Melgarejo and Deardorff (1974) can be seen upon setting ~ = 0 . 

For the purpose of expressing the internal parameters solely in terms of the 

external parameters , it is useful to find a relationship between the external 

parameter of stratification , corrrnonly denoted as the bulk Richardson nurnber , 

Ri8 , def ined by 

-T 
Ri = - S0 h/G2 = ~ (-* ) - 1 (u /kG) 2 

B · o L 0 * 
0 

(38) 

and the internal stratification parameter h/L. 

14 



Substituting of (34) and (36) into (38) gives 

h 
(fu z - C - 83\jJ) 

· h - 1 o 
RiB = L °'I-I --=--:;=~=========----

[/Cfu ~ - b)2 + a2 - <B1l);)2 - B2l/J] 2 ' 
0 

(39) 

'Ihus setting ljJ = 0 in (34) - (36) and (39), the well- known equations of 

Zilitinkevich and I::eardorff (1974) are recovered 4 • 

u 
G * = k I <-tn ~ - b) 2 + a 2] - lf2 

0 

(lj; = 0) (40) 

(fu ~ - c) 
z 

0 

(fu b._ - b) 2 + a 2 
z 

0 

Cornparing (34) - (36) with (40) , it can be seen that the a, band c stability 

functions contained therein are exactly the sane (independent of lj;) . This means 

that although the slope affects the argument of these function as seen from 

(29) and (30) , their shape rernains the same . 

It is also of interest to solve (31) for the function a, band c instead for 

m, n anda. Thus fors= 1 , the solutions are 

a = * * 
1 + l/Jn ' (2 sin o + l/Jn ' ) 

(41) 

(kG/u*) cos a + l/Jn ' ~ 80 (sin o + n'l/J) - n sin x] 
h * b = n - - -----------------------
20 1 + l/Jn ' (2 sin o + l/Jn') (42) 

CI...T e /T + lj;S(kG/u) sin x 
=fu~+ ti O * * 

c z0 1 - lj;S(kG/u*) sin o . (43) 

4 Note that the sign of 00 in this paper is+ if unstable and - if stable . 
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where 

n' = µ/D 

-1 s = µ y 
(44) 

and D and Y are given in (37). The relationship between ö anda is ö = x - a 

as seen from fig. 1a. 

Upon setting ~ = 0 in (41)-(43), as in (40) the following expressions are ob­

tained: 

a = (kG/u) sina 
* 

b h (kG/u) = fu- - cos a (~ = 0) (45) z * 0 

. fu h e IT C = Z + ~ 
0 0 * 

It can be seen that (45) are the same expressions as those used by e g 

Melgarejo and I:eardorff (1974, 1975), Arya (1974), Clarke and Hess (1974), 

Yarrada (1976) and Garrat and Francey (1978). 'Ihus (41)-(43) are the generalized 

expressions for the a, band c functions which include the effects of ~ and X· 

It would be ,interesting to evaluate these functions from experimental data in 

the light of (41)-(43) since the terms associated with ~ and x are cornparable 

in magnitude to the rerraining terms even for~ as small as 0.001. 

In closing this section it should be noted that the expressions for the a, b 

and c functions derived in the present paper for the models of turbulence in 

(13) and presented in (29) and (30) are in agreement with the theoretical re­

sults of Zilitinkevich (1975) and those of Wyngaard (1975) and Brost and 

Wyngaard (1978) for the stable case, except for the differences in the JTU.1lti­

plying constant coefficients. 
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6. ASSESSMENT OF THE INFLUENCE OF ~ AND X ON THE RESISTANCE 
LAWS 

As an example in this study, a graphical representation of the solutions 

(34)-(36) will be given only for the special case of h/L = µ. To this end, 

the best-fit polynomials fora, band c of Yana.da (1976) derived from the 

'Wangara' data of Clarke et al (1971) will be used . These functions are ex­

pected to be closer to reality than those in (29) and (30) because the latter 

contain IIBDY of the simplifying assurnptions introduced in the fonnulation of 

the present problem. 

From these considerations it is seen that one important advantage of the 

rrethod of obtaining solutions as presented here is this possibility ofin­

corporating into the solutions observed information through the a, band c 

functions. 

For completeness the empirical functions of Yamada (1976) used in the calcu-

lations are included here . They are, for the stable case 

a = 3. 02 + 0 . 3 h/L 0 ~ h/L ~ 35 

= 2. 85 (h/L - 12 . 4 7) 1/2 h/L > 35 

b = 1. 855 - 0. 38 h/L 0 _:s. h/L $. 35 

= -2 . 94 (h/L - 19 . 94) 1'2 h/L > 35 

c = 3. 665 - 0. 829 h/L O.:;. h/L.5..18 

= - 4 . 32 (h/L - 11 . 21) 12 ; h/L > 18 

and for the unstable case 

a = 3. 020 (1 - 3. 29 h/L)- 1/3 

b = 10 . 0 8. 145 (1 . 0 0. 008376 h/L)- 1P 
c = 12 . 0 8.335 (1 . 0 0. 03106 h/L)-1/3 

h/L ~ 0 
(stable) 

h/L $. 0 
(unstable) 

(46) 

(47) 

The graphical representation is also given in fig . 2. An indication of their 

close agreerrent with reality is suggested by YaJIB.da's (1976) Figs. 15 and 16, 

which show good agreement between the computed and observed non-dimensional 

velocity defect profiles . 
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The dependence of u /G on h/z for different values of ~ and for fixed h/L and 
* 0 

x is presented in Fig . 3 for the range of h/z0 of meteorological interest . The 

interesting result to be noted is that the effect of ~ increases as h/z0 de­

creases (or as z0 increases) and that the departure from the curve for x = 0 

increases as x increases . The curves for other combinations of h/L and x showed 

the same behaviour and are therefore not presented . It should be pointed out 

here that (34) guarantees positive solutions only for~ values less than a 

certain upper limit , which depends on all the other parameters but mostly on 

h/1. In the present study it was found that (34) will give non- negative values 

always for~~ 0 . 003 and jh/Lj ~ 230 . This is the reason for choosing ~ = 0 . 001 

as an upper limit . The fact that (34) does not always guarantee positive solu­

tions is to be expected in the context of the present simple TIDdel where e g 

non-linear effects are not considered . The peculiarity of (34) is also found 

in the corresponding equation for u /Gin the Rossby nurribersimilarity theory 
* for the EBL (Zilitink:evich and Monin , 1974). 

Fig . 4 shows u /Gasa function of x and h/L for fixed values of x and h/z . 
* 0 

The effect of X is to produce an oscillatory curve of non- equal positive and 

negative amplitudes around the value of u /G for~= 0 . It is also seen that 
* larger amplitudes correspond to larger h/L values as expected . The effect of 

increasing h/z0 or decreasing ~ was to decrease the amplitudes as seen from 

Fig . 3. Also shown is that the position of the IIBXinB. and minirrB. is independent 

of h/L and h/ z0 • That is , their position fora fixed ~ depends only on the 

orientation of G with respect to the fall- line vector . 

Since the positions of these rraximum and minimum points can be reflection of 

the particular fornrulas fora , band c used , no precise evaluation from (34) 

of the values of X correspondi ng to these positions is gi ven . These and other 

peculiarities of the curves can partly be explained by simple physical conside­

rations , e g the conflicting or complementary (depending on x as well as on the 

sign and rragnitude of h/L) action of the pressure gradient and drainage forces . 
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Fig. 5 is similar to Fig. 3 except fora (for sign f = - 1) . The effect of 

~ on a (for fixed h/L and x) is the same as that on u /Gin the stable 
* case . However , when the stratification is unstable and fora certain orien-

tation of the geostrophic wind a is observed to become negative , implying 

BEL flow towards high pressure . This isa novel result of the present 

theory which is not predicted by the simpler EBL theory . This interesting 

resul t is examined more closely in Fig . 6 , which is a diagram of a as a 

function of x and h/L for fixed ~ and h/z0 • It is seen that a negative a 

occurs for twö ranges of X· The positions of the maximum positive and nega­

tive amplitudes, with respect toa= O,are observed to be independent of 

h/L and h/z0 (shown in Fig. 7) fora fixed value of ~ - Nomograms for~< 

0. 001 showed the same behaviour except for smaller amplitudes . The depen­

dence of 0-line crossing points on x and h/L is shown in Fig. 7 for~= 

0 . 001 . The interesting features of the figure are that no negative a (or 

flow towards high pressure) occurs for geostrophic wind orientation between 

approximately 90° < x < 270° and that the tendency fora to become negative 

(in the allowable range of x ) decreases as - h/L decreases . This behaviour 

of a suggests the existence of a lower limit for - h/L where a becomes ne­

gative for all values of h/z0 • Since the 0-line crossing points are inde­

pendent of h/ z , the calculations of x for a = 0 is in order . Thus setting 
0 

a = 0 in (35) , the following quadratic equation for X is obtained : 

= a rE(b - c) cos X [ 
± / (b - c) 2 + a 2 

(b - c) 2 + a2 (48) 

where 

The solution of (48) for~= 0. 001 , for the a , band c functions given by 

(47) and for - h/L = 50 , 100 and 200 gi ves the following values for X round­

ed to the nearest integer : 65° and 314° , 85° and 289° , 91° and 280° , re­

spectively (as shown in Fig. 7) . Note that a = 0 in (48) gives X = 90° and 

270° for the 0- line crossing points . That these theoretical values are in 

close agreement with those shown in Pig . 7 for - h/L = 200 is to be expect­

ed since a values used in the calculations were a ~ 0 for - h/L ~ 80 (see 

Fig . 2) . As is the case with (34) for u /G , solutions of (35) have physical 
* 

meaning Clal ~ 90°) only for lh!LI ~ 230 and~~ 0. 003 . 
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Before leaving this section it should be pointedoutthat 1) the choice of the 

particular values of h/L, h/z0 , ljJ or x in Fig. 3 is roade for the purpose of 

bringing out their IIB.xirm.un influences which occur at these values, 2) no 

complete explanation of the results is offered since it would be outside the 

scope of the present paper . Due to lack of theoretical results of the in­

fluences of ljJ and x on the resistance and heat- transfer laws of the type pre­

sented here , no comparison of the results of this investigation with those 

of others is offered . 

The influences of ljJ and x on the resistance and heat- transfer laws for the 

special case of G = 0, absence of Coriolis force and ljJ >> 0.01 is given in 

Gutrnan and Melgarejo (1981) . It is to be noted that for this special case, 

y becomes an important parameter . 
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7. COMPARISON WITH OBSERVATIONS 

Melgarejo and D3ardorff (1974), when evaluating the stability functions a, b 

and c from the Wangara data, found that in rrany of the unstable cases examined, 

the cross-isobaric flow was towards high pressure. This implies negative a 

angles and therefore also negative~ as can be seen from their Fig. 2 computed 

with the second equation in (40). This observed fact of negative a is inter­

preted here as due to the effect of the slope of the Wangara site. The pre­

sence of a definite slope of this site can be clearly seen from topographical 

maps of the area. 0n the other hand, the present theory predicts a to be nega­

tive over a slightly inclined terrain that is warmer than the overlying air 

and in the presence of geostrophic wind blowing either to the left or right 

of the fall-line vector. Therefore it is of interest to campare the rnodel re­

sults with some of the observations mentioned above. 

For this purpose, preliminary calculations for 1jJ and the fall-line vector 

direction were ID3.de giving respectively 0.001 and~ 65° from E, pointing posi­

tive in a SW direction. Although explanations of the observed nocturnal acce­

lerations at Wangara have been given assuming a slope of 7 x 10- 3 ascending 

towards east by L. Mahrt (personal communication), no other work has appeared 

(to the knowledge of the author) where the slope and fall-line vector of the 

Wangara site have been determined to contrast the values given above. The data 

points chosen for the comparison are those analyzed by Melgarejo and D3ardorff 

(1974, 1975) and are entered in Table 1 . Only those points for which - h/L 

falls within the validity of the predictions of the present theory have been 

included. These are plotted in Fig . 7 taking the observed values of X along the 

abscissa and the corresponding observed values of a along the coordinate . The 

parameters hand L which are also included in Table 1 are taken from Melgarejo 

and D3ardorff (1974) and (1975) respectively. Note that the values of a and x 
(in Table 1) were obtained using the surface geostrophic winds reported by 

the synoptic network stations for every 3 hours . 

Fig . 7 shows clearly that there is correspondence between the predicted and 

observed angles a (at Wangara) . This result is taken here as satisfactory and 

encouraging for further work considering the uncertainties involved, e gin 

the determination of h, L, z0 , 1/J and the measurernent of the geostrophic wind . 

The parameters h/L and h/z0 that can be read off from the diagram (for the 

data points) are also found in satisfactory agreement with the corresponding 

h/L and h/z0 which can be computed from Table I . 
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.Ta.ble 1 

Wa.ng aJLa. P Ma.me.:teM 

Day Hour h -L a X 
(m) (m) (deg) (deg) 

1 1 5 1150 37.9 -5 63 

6 1 5 600 0 . 7 11 325 

7 1 2 350 1 7 . 7 -3 41 

1 5 850 1 2 . 3 -18 42 

1 2 12 925 20. 8 0 264 

1 3 1 2 800 3 2 . 1 -19 300 

1 5 950 2 7. 2 9 321 

1 4 15 750 6. 3 - 47 316 

25 1 5 1150 28 . 6 6 149 

26 1 2 475 45. 5 24 64 

1 5 900 36. 7 1 7 55 

33 1 2 1000 1 • 5 1 283 

1 5 1150 2. 8 23 286 

34 1 2 600 15. 7 - 1 8 319 

1 5 750 1 4 . 8 1 7 3 2 3 

35 1 2 875 40. 2 -3 332 
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8 . CONCLUDING REMARKS 

The problem of an ABL above a therrrally active inclined plane was considered. 

The physical height hs of the boundary layer was introduced as the length 

scale in the formulation of the present problem. The use of h is to be viewed 
s 

as a further development of the theory developed by Gutrrsn and Melgarejo (1981) . 

Fora sirnplified :rrodel of turbulence, analytical solutions for the rnean wind 

and temperature structures were obtained . These solutions were seen to depend 

on the non-dirnensional parameters hs/As, hs/z0 , hs/L, ~ and x as well as on 

the variable z/hs and are to be viewed as a generalization of the Prandtl 

slope wind solution and the usual EBL solutions. 

As by-products of these solutions, analytical expressions for the stability 

functions a, band c were obtained in agreernent with the theoretical findings 

of other investigators . Furthenrore, with the aid of the logarithrnic solutions 

of the dynarnic sublayer, expressions for the resistance and heat- transfer laws 

above a sloping surface were derived . That these expressions area generaliza­

tion of those derived by Zilitinkevich and Deardorff (1974) was also shown. 

For the stability functions derived from observations by Yarrada (1976), the 

appreciable dependence of u /G anda. not only on ~ but also on x was presented 
* 

in Figs . 3-7 . A prelirninary test of the predicted a. against observations (that 

call for further tests of the predictions of this theory with observations) 

was given in Fig . 7 . Further cornparisons of a., u /G and T /0 are left as 
* * 0 

topics fop further research . Finally, the :rrore accurate determination of ~ 

and X for the Wangara site will give the possibility of reevaluating the sta­

bility functions a , band c found by Melgarejo and Deardorff (1974, 1975) , 

Yarrada (1976), etc, in the light of (41)-(44) . 
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L I S T O F S Y M B O L S 

cp specific heat of air at constant pressure 

f the Coriolis parameter 

G rrodulus of the geostrophic wind 

H surface value of heat flux 

l /=T 

k Kannan constant set to 0.35 in the calculations (Businger et al ., 
1971) 

L Monin-Obukhov length = u 2 /(k 2 ST) 
* * 

R 

T 
* 

u 
* 

a 

s 

gas constant for dry air 

friction temperature = - H/(kpc u) 
p * 

friction velocity 

roughness parameter 

cross-isobaric inflow angle 

neutral value of inverse turbulent Prandtl number set to 1 . 35 
in the calculations (Businger et al ., 1971) 

buoyancy parameter= g/00 

an empirical constant = 10 (Zilitinkevich and Chalikov, 1968) 

vertical gradient of potential temperature in the free atrro­
sphere 

angle between the surface wind vector and the x-axis 

potential temperature of the free atrrosphere 

its value at the surface 

total potential temperature 

its average value in the ABL, a constant 

an average constant = -0.07 (Zilitinkevich and Chalikov , 1968) 

terrain slope angle 

angle between the geostrophic wind vector and the fall- line vector 
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APPENDIX 

Dsrivation of the governing equations (1) and (2) 

To begin, the general form of the boundary layer equations can be written 

as 

du 1 e dTT + _a_ 
c)u 1 

dt - fv1 = - 0 ax1 (K-) 
az1 az1 

0 

dv 1 e aTT + _a_ 
av 

dt + fu 1 = - e ay 
(K _1) 

0 1 az 1 dZ l 

d0 a (K' ~) (K' K) (A1) dt - az 1 = <\i dZl 

dU1 dV1 aw 1 
0 dX1 

+--+-- = 
ay l az l 

e dTT 
eaz = g 

0 1 

where 
d _ a a a a 
dt - at + ul axl + V 1 ay l + W 1 azl 

R/c (A2) 

TT= c 8 (L) P . p0 = 1000 rnb 
p O p ' 

0 

The x 1, y 1 and z 1 axes form a right-handed system of Cartesian coordinates 

(with respect to the horizontal plane) of arbitrary orientation, u 1 , v 1 and 

w1 a~ respectively the comp,)nents of wind velocity along the direction of 

these axes . 0 is the potential ternperature and 8 = constant is its rrean 
0 

value . 

The other notations are standard in meteorological parlance. 

In order to deri ve · rrore convenient equations than (Al ) , the f ollowing equa­

tions fora reference or background atmosphere are int.C'oduced (assuming 

that there is no turbulence ): 

DV 
D/ + fUl 

au av 1 
1 + -­

axl c)y 1 

D8 nr= o 

e an = - e ay 
aw o i 

1 
+ -- = 0 c)z 1 

e an 
eaz=-g 

0 1 

(A3) 
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where 

D a a 
+ Vl 

a 
'I- w a (A4) Dt = at +U -

ay i az:--1 ax 1 1 1 

IT = 0 
p R/cp 

CP (--) 
0 Po 

Introducing the following definitions and the usual boundary layer appro­

ximations: 

0 = 0 + 01 ; TT = IT + TT' 

8' << 0 TT 1 << IT 10 - 001 « 00 

into (A1), subtracting (A3) from the resultant expressions and neglecting 

small tenns, the following equations are obtained: 

where 

av' 
1 

at + Ul 

a0 1 

at + Ul 

au' 1 av' 1 

axl 
+--

ay i 

aTT' = 8•8' 
az 1 

av' 
1 

av' 
1 

ax1 + Vl ay1 

a0 1 ae' 
ax 1 + V 1 ay i 

aw' 
1 

+-- = 0 
az l 

a0 s = g/00 and y - azl 

+ Wl 
av' 

1 

az1 

= 
aTT I 
ay i 

+ w' a0 1 

1 az l 

+ u' 
1 

+ _a_ 
azl 

+ u\ 

au , -- + V· ax l 
1 

aul 
(K-) az 1 

av 
1 -- + v' ax1 1 

av 
(K _1) 

az 
1 

a0 
+ V~ ax1 

av av 
1 

+ w' 1 + fu' ay1 az1 = 1 1 

(AS) 

a0 
+ w~y 

a (K~) 
ay i - az az 

1 1 

Transforming the x 1 , y 1, z 1 system into a new right-handed rectangular 

[x, y, z (x 1) J system which f ollows the terrain in such a way that the new 

x and y axes IIBke small angles l/Jx' l/Jy with the x 1 and y 1 axes, respective­

ly gives (with a good approximation for small slope angles) the following 

relationships: 

a ~ a ,,, a a ~ a + ,,, a a _ a 
ax1 ~ ax + 'l'x äz; dYl ~ ay 'l'y Tz' azl ~ 8z 

u"' u 1 ; u'::: u~ ; v "'v 1; v' ~ v~ (A6) 

W "' W . + U11 • + ,ni, • W 1 "' W 1 + U 1 ,1, + V 1 111 
1 'l'x V'f'y' 1 'l'x 'l'y 

34 



Note that in (A6) , because of the sm3.llness of 1jJ and 1jJ, the approxim3.-x y 
tions sin 1jJ ~ 1jJ, sin 1jJ ~ 1jJ; cos 1jJ ~ 1, cos 1jJ ~ 1 are used . u and v 

X X y Y X Y 
arerespectively the wind cornponents along the x and y axes . The z- axis is 

normal to the terrain and w is the wind component along the same direction . 

Introducing the following simplifying assumptions : 

U 1 , V 1 = constants , W 1 = 0 , 

0 = 0 + yz , 
s 

and substituting thern together with (A6) into (AS) , the following equations 

are obtained : 

au ' + U au I + au ' au' fv' 
a1r I 

se' + ~(K au I) 
F v--+w-- - = - ax - 1/Jx ax ay . az az az 

av I av I av ' av' fu' a1r 1 + _§__( K av I ) F+ u-- + v-- + w--+ = - ay - 1/J B0' ax ay az X az az 

ae ' ae' ae ' ae' + w' y - (u ' + v' ~(K' ae) "ät+ u-- + V ay + W 8z 1/Jx 1/Jy)y = ax az az 

au I av I aw I 
ax + ay + az = O 

(A7) 

The particular form of the second terrrs on the right sides of the first 

two equations in (A7) are from the last expression in (AS) . The further 

sirnplifying assumptions of steady and horizontal hornogeneity in (A7) yield 

d (K du ' ) + fv ' 1/Jx BS ' 0 dz - = dz 

d (K dv ' ) - fu ' 1/J B0' = 0 (AS) dz -dz y 

d (K d8) + ( 1jJ u' + 1jJ v' )y ' = 0 (y' = y/~) dz dz X y 

Note that the assumption of horizontal hornogeneity together with the bou.n­

dary condition w = 0 at z = 0 gives from the continuity equation w = w' = 0 . 

If the (x,y, z) systern of (AS) is rotated by an angle a s TT/2 (with z as the 

.axis of rotation) in such a way that the positive x- axis points along the 

fall- line vector (see Fig . 1a) . The following form of the equations given 

by Gutm3.n and Melgarejo (1981) is obtained : 
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d d Il (K _E___) + fv" - se '1/J = 0 
dz dz 

d d " (A9) (K ...:!__) - fu" = 0 
dz dz 

d (K d8') + y' iµu" = 0 
dz dz 

where 

u" = u' cos a + v' sin o 

v" - v' cos 0 - u' sin o 

and 

= (ijJ2 + ~/)1'2 sin 
1/Jy 1/JX 

ijJ ; 0 = "f" 
cos 0 = ~ . X y 

Finally , adding the third equation of (A9) multiplied by f/(y'ijJ) to the 
second gives the equation for q . Next subtracting the third multiplied by 
Siµ/f from the second and adding the result to the first , the following two 
equatiqns are arrived at : 

d (K dq) 0 dz = dz 
(A10) 

d (K dp) . f 0 dz + l - p = dz s 

where 

q = v" + 8 ' f/y'ijJ 

p = s (v" - e' Siµ/f) + iu" 

and other notations areas in the main text . Note that (1) and (2) in the 
main text are obtained by substituting sign(f) = -1 (for the Southern 
Hemisphere) into (A10) . 
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