




PRELIMINARY MODEL STUDIES OF 

SINK ING PLUMES 

By Ingrid Bork 

SMH I Rapporter 

HYDROLOGI OCH OCEANOGRAFI 

Nr RHO 14 (1978) 

INLEDANDE MODELLSTUDIER AV SJUNKANDE 

KYLVATTENPLYMER 

SVERIGES METEOROLOGISKA OCH HYDROLOGISKA INSTITUT 
Norrköping 1978 

ISSN 0347-7827 



• 



SMHI II 

ABSTRACT 

The hydrodynamic equations are reviewed and simplified 

for use in a study of sinking cooling water plumes. Two 

examples of observed sinking plumes are shown. A numeri ­

cal medel is employed to study the magnitude of different 

terms in the equations and the effect of varying turbu­

lent diffusion coefficients. The model isa two dimen ­

sional one (one horizontal and one vertical dimension). 

It is concluded that the sinking phenomena is very 

sensitive to changes in the vertical diffusion coefficient 

and it is recomended that future three dimensional 

studies are carried out in a model containing a reliable 

computation of the turbulent flux es . 
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PROBLEM AND OBSERVATI ON S 

The density of water isa functi o n of both temperature 

and salinity. For salinities less then 24 ~ there exists 

a density maximum fora temperature above the freezing 

point. Therefore , water-discharges into ambient wate r at 

freezing temperature will sink down towards the bottom 

if they are cooled below T (p max). 

Fig 1 shows pt values for S = 0 %0. In fresh water the 

stratification of a water column with a linear tempera­

ture gradient from 8 °C at the upper boundary and 0°C at 

the bottom would be unstable between 0°C and 4°C and 

stable between 4°C and 8°C . 
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Figure 1 Density stratification fora linear temperature 

stratification (salinity = 0 %p) at=(p-1) 10 3. 

The range in which sinking can be observed decreases with 

salinity (campare fig 2) . Although the freezing point 

temperature becomes negativ for salt water, no pronounced 

sinking is to be expected for salinities above about 

15 %0 • Sinking plumes have been observed in the Bal tic 
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Figure 2 Temperature of the density max imum T and 
p max 

temperature of the freezing point , tg , for sea 

water of different temperatu re . 

A rewiew of sinking plumes observ ed b y SMHI is given by 

Vasseur (1976) . Fig 3 and 4 show t wo t ypical examples. A 

characteristic of a sinking plume is that it is narrow 

at the surface compared to floating plumes but spreads 

along the bottom . 

Sinking is , however , not always observ ed under winter 

conditions , even if temperature and salin ity distribu­

tion indicate instability , according to the condition 

for static stability : 

ldp 18 p ds 
pdz = pds dz 

+ l 
p 

8p dT 
ar'.r dz < 0 (z positiv downward) 

In fact , instability associated with v ertical overtur­

ning of water masses is more complicated , as heat con­

duction , friction and diffusion retard to the motion 

and tend to stabilize it (Turner 1973) . The t wo non­

dimensional numbers gov erning the process are the 

Rayleigh number , which is for parallel plate convection 
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Figure 3 Exarnple of a sinking plume outside Oskars­

harnnsverket on the south-east coast of Sweden. 
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Figure 4 Exarnple of a sinking plurne outside Oskars ­

harnnsverket on the south - east coast of Sweden . 
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and constant salinity d e fined as 

Ra == g B 6 T H3 / K \) 
'!' ., 

' -~ 
/,i,c 

with B = 
(,(1 '· 

l ~ ~ 6T tempera ture difference betwe ~ri" : 
p O , 

4 j 

,f 

plates separated by a di stance H and the Prandtl number 

Pr = \J / KT . In the case of parallel plate convection 

a critical Rayleigh nurnber can be deterrnined at which 

instability occurs (compare Stern 1975) . On the basis 

of this stability criterion Neurnann (compare Neumann, 

Pierson 1966) has indicated that neutral stratification 

in the ocean c an occur only when the vertical density 

gradient reaches a certain negative value, or when 

l ~ dS 
P cl S dz 

~ 2..2. dT P aT dz > const. _l_ AK 2-
p g h4 

where A and K are turbulent viscosity and turbulent heat 

conductivity respectively , and h is the thickness of the 

layer where negative density gradients occur. The con­

stant is in the order of 10 3 in oceans. A corresponding 

value for the Baltic Sea is not available . 

There are quite a lot of studies on convection, concer­

ning sirnplified cases like vertical convection which 

arises when a broad horizontal layer is heated uniforrnly 

from below and cooled from above (compare Turner 1973, 

Stern 1975) or horizontal convection that occurs when 

the fluid is differentially heated on a level surface 

(compare Stern 1975). As a further simplification these 

studies suppose the density to vary linearly with tem­

perature. To study sinking plurnes , the density dependen­

ce on temperature has to be approxirnated at at least 

quadratic and the simplest case will therfore be a rnix­

ture of the above mentione d cases. That makes the use 

of numerical medels nearly unavoidable. 
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A two -dimens iona l numer i cal study of convect i ve flow i n 

an ice -cov ered lake wa s done by Svens son ( \ 
) . 

Only a few studies hav e b e en conducted sole l y on sink ing 

plumes . Pena e t al . (19 7 5) emp l oyed an integral a pproach, 

assuming similarity in vel oc i ty and t emperature p rofile, 

to compute a round warm water jet , as well as a slot jet, 

discharging into stagnant water at free z ing temperatures. 
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Figure S Centerline trajectory and half-width of round 

jets. 

1-lo 
L'IT = 11 C, R = initial radius, F = -- , 

1/gR 
b = width 

Fig 5 shows results typically obtained from such a model. 

Besides some assumptions used in this model being ques­

tionable (compare Mehrotra 1976) , the rnodel does not 

give any information on how the warm water spreads on 

the bottom . A rnuch rnore advanced three-dimensional 

numerical model, which will be discussed later, was 

developed by Raithby (1976). At SMHI a two-dimensional 

model developed by Wilmot (1976) was applied to the 
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sinking plume problem , first in order to show that such 

a model is able t o reproduce "sinking'', l ater t o test 

how sensitive the physical p rocess is to diffe rent 

assumptions , expecially to a change i n size of the ver­

tical and horizontal turbulent eddy coefficients . 
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MATHEMATICAL FORMULATION AND VARIOUS APPROXIMATIONS 

Basically the fundamental hydrodynarnic equations imply 

the existence of convective motions (compare Thompson 

1967). Assurning that heating due to compression or 

cooling due to expansion is neglected, that heat sources 

enter as boundary condition and neglecting Coriolis 

forces due to the small spatial scale of the plume, the 

equations discribing a compresible fluid are 

• ➔ 1 dp 
continuity equation div v = - - -p dt 

du ~ 1 cl . ➔ p - = - + - µ - div v + µ6u dt x 3 clx 

momentum 
dv ~ 1 cl . ➔ (Navier Stokes) o - = - + - µ - div v + µ6v ' dt cly 3 cly 

equations 

dw ti2, 1 cl . ➔ 
p - = - + pg + - µ - div v µ6w dt clz 3 clz 

d ( pCpT) _ 
dt - k6T heat equation 

P = p (p,T,S) equation of state 

S = const. 

In winter cinditions, the salinity in the area under 

consideration can be assumed to be constant as a first 

approximation. It is, however, no fundamental difficulty 

to allow for variable salinity. 

Density appears in the momentum equation in the inertia 

term (first term) and in the bouyancy term. Rewriting 

the friction term 

1 ➔ ➔ 
3 µ grad div v + µ6v = 4 ➔ ➔ 

} µ grad div v - µ curl curl v 

there are frictional effects due to rotation (second 
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term) and (throu gh th e continuity equation ) due to 

changes in density (fi rst term). This term will vanish 

if a particle fol lowing t he flui d mo tion retains i ts 

density, that is~~= 0 . Th is is stronger than assuming 

incompress i bil i ty, i. e. ~~ = 0, (compare Krauss 1973) as, 

d 
dt -

.2..2 
3p 

do 
C dt + 
· ... ,T 

3 D • dS + 
3S p,T dt 

3:? dT = O 
d'f s P d t ,_ 

➔ 

That also simplifies the continuity equation to div v 

= O and the heat equation to ~! = P~P 6T 

if Cp is constant. 

Letting p and p vary around the va lues p 0 and p 0 in a 

reference state of hydrostatic equilibriurn for which 

~ p 0 g and rewriting the rnomenturn equations y ields 
3z 

( 1 + p- Po 
Po 

du 
dt 

1 

Po 

3(p-po l 

dX 
+ ]J6 U 

for v respektively 

( 1 + 
p- p o 

Po 
dw 
dt = 1 

Po 

3(p-po l + 

cl X 

p- pQ + ]J6W - g 
Po 

p- p 
As __ O is small -variation in temperature ove r 10 °C 

p 
chang2 the density at mast 1 % - it produces only a 

small correction to the inertia term but is of primary 

importance in the buoyancy term (campare Turner 1973) . 
p-p 

1 ' 0 Neg ecting in the inertia term is the so called 
p 

Boussinesq apBroximation. Phillips (1966 ) showed that 

it is also valid when treating convection prob lems . 

Convective motion can be liminar or turbulent . In a 

sinking plume thereis, of course, shear induced turbu­

lence occuring at a critical Reynold-s number . In addi-

tian, convective motion caused entirely by density 
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differences, where a Reynold-s nurnber does not exist, 

becomes turbulent under critical conditions . For this 

kind of motion the change from laminar to turbulent 

convection is determined by a critical Grashof number 

(Landau, Lifschitz 1975) , that is by the ratio of 

Rayleigh number (see p. 4) and Prandl number. 

9 

To introduce turbulence into the equation of motion and 

the heat equation it is commonly assumed that there 

exists a clear deviation between small-scale and large­

scale motion, defining 

F = F + F- with F = l 
2t 

0 

t+t0 
J F(T)dT and p- = 0 

t-t 
0 

This assumption is somewhat doubtfull, for instance, 

when treating thermal convection in a fluid at rest. 

There are more satisfying ways of averaging (see, for 

example, Monin 1971) but in the practical application 

they mostly come down to the above assumption. 

With ~ = p - Po and V -L 
Po 

➔ 

div V= 0 

du 
dt = 

!_ l_! + _a_(vau 
Po ax clx ax 

_2)+ a ("au --::--)+ a ( au+ ...... ) u - v- -v u - v- w u cly cly clz clz 

for v respectively 

dw _ 
dt -

dT 

(p-p ) t 

L .u! + O g + L (v 1:i + u -w-) + 
Po 3z Po ax ax 

cl ( aw + ~) + cl ( clw + ~ - v- vw -v- w ay cly clz az 

cl 
at = cl.X 

( _k_ aT _ "' T _..) 
Cpp 0 ax u 

+-cl-(_]:__!E__v~-)+ 
ay cpp 0 ay 

L ( _k_ 3T + w-T-) 
clz Cppo dZ 

In the following the overbar is dropped again . 
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MODEL EQUATIONS 

In order to do some basic numerical studies the above 

equations are further simplified and horizontally aver­

aged. The Reynold stresses and the turbulent heat ex­

change are modelled using eddy viscosities and turbulent 

heat conduction coefficients. Averaging horizontally 

as F = l 1b 
b 0 

F(S)dS and dropping the overbar yields 

-3 3 3 
b = const and p = (1 + ot 10 ) g/cm, p0 = l g/cm 

du=_~+ 
dt clx (Ah + \>) cl 2 cl ( ~ + - [A + \>] 

clx2 clz v 
clu ) 
cl z 

dw cl~ -3 
(Ah+\>) Q 2w + L ( [A + vJ aw) dt = - äz + gotl0 + 2 clz v clz 

dX 

dT _ 
(Kh + K) a 2T + L ( [ K + K] n) dt - clx2 clz v clz 

0 = clu + clw 
ax az 

for 

where the horizontal eddy coefficients are assurned to be 

constant whereas the vertical eddy coefficients are 

allowed to be a spatial variable. 

Cross differentation and subtraction of the momentum 

equations gives an equation for the vorticity component, 

n = - ~~ + ~; 1 perpendicular to the vertical plane and 

eliminates the pressure from the momenturn equations. 

ao 6 + L (r A +v] "") + 
dn = 10 -3 __!:_ + (Ah + \>) dt g ax clX2 az V az 

a ["Av aA au] aw V 

äz ~ äz - äz az 
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Comparing the last two terms 

a (A ~) 
8A 82 cl A 2 2 2 

=-~~+--2 ~ _ A ~ + A ~ and az V dZ az dZ2 clz clzclx v clz2 v clzclx 

clA clA 2 

L clA cl 2 cl A cl v clw v clu V U V W 
(~ 8""z - E""" az) = - -- -- + -- - -dZ az cl z2 clz8x clz 

2A 8A 2 
~au+_::!_~ 
az2 dZ ax clz2 

shows that although the first two terms on the right 

hand side are of the same order of magnitude, the pre­

dominent terms of the first equation (term 3 and 4) are 

an order of magnitude bigger than the corresponding terms 

of the second equation. Therefore the last term of the 

vorticity equation is neglected what in fact means that 

vorticity is diffused in the same way as momentum. 

Defining a transport -stream function by u = - t ~! 
and w = l ~ au clw is recast as an elliptic n=--+-b ax ' clz ax , 

1 
2 2 

Poisson equation n = - (Ll- + D.) and u and w can be 
b az 2 ax 2 

determinded from the above equations for~-

The above equations are normalized by the advective time 

scale t 0 = L/U 0 , where Lisa characteristic length and 

u 0 a characteristic horizontal advection velocity. De­

fining the nondimensional quantities t-=t/t 0 , x~=x/L, 

z-=z/L, u-=u/u0 , w-=w;u 0 , n-=n-t01 T-=T/T 0 , u 0=L/t0 

and VMIX=Kv/Kv SCALE and dropping the prime, yeilds: 

clT 
(1 +; ) 

a 2T a 
( [ VMIX + ;V] ;~ ) ät= sok -- + € -

h ax2 az 

KvtO Kh au aw 
where s = -- and ok= K, - + - = 0 and 

L2 ax az 
V 
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clo 2 
cln -2 -3 t (1 + :L )Ll. + at = Fr 10 ~ + Pr soA 

Ah clx 2 

cl ( [VMIX + u !rl ) Prs -
cl z d Z 

where Pr = A /K , 
V V oA 

uo 
/ A and Fr =\hl' = Ah V jgL 

Froude number . 

12 

t h e 

The last equation is rather illuminating , considering 

that in a barotropic flow vorticity is only created at 

rigid walls and from there diffused into the flow. Dis­

regarding this effect by assuming slip walls, the vor­

ticity remains constant in a barotropic flow , whereas 

in a baroclinic flow horizontal density differences 

drive the motion. The following picture is supposed to 

demonstrate what positive or negative vorticity can 

mean in terms of velocity profiles . 

w=O u=O w=O u=O 
Positive vorticity --- i t I --- l 1 1 0 

Nega t ive vorticity ----- I I i --- 1rl C) 

That is: positive vorticity followe d horizontally by 

negative vorticity indicates a zone of convergence or, 

in other words : sinking . 

As the horizontal temperature gradient in a surface 

plume is predominately negative, the depend ence of 

density on temperature has to be nonlinear to allow the 
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vorticity to change sign. Using the accurate relations 

defining crt (Knudsen-s Hydrographical Tables, 1901) is 

very time consurning. An approximation developed for high 

salinities (Friedrich et al. 1972) and modified for low 

salinities (Wilmot 1976) gives stilla poor fit for low 

temperatures . (See fig 6). Therefore , the accurate 

crt-curve fora particular salinity is fitted by a parabel 

which yields (see fig 6). 

- 3 2 
crt = -8 10 (T - 2.5) + 5.8 fors= 7.2 t. 

5.7 S=7,2¾. 

5.6 

5.5 

5.4 
-(Z) 

-Q) 
~ . 

0 1 2 3 4 S 6 7 6 9 10 T C 

(D approximation Wilmot (1976) 

~ Knudsen (1901) 

o parabel approximation 

Figure 6. Different approximations for the dependence of 

density on temperature . 

acrt aT 
With ~ = - 0 . 016 (T - 2.5) ax anda negative hori-

zontal temperature gradient , the source term in the 

vorticity equation becomes negative for T less than 2.5 

which is the temperature of maximum density . 

The nondimensional equation for vorticity shows that the 
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importance of the source term decreases with increasing 

Froude number or with increasing horizontal advection 

velocity (compare fig 5 ). Increasing horizontal mixing 

has the same effect, as it yields a fast dirninishing 

of the horizontal density gradient. Sinking plurnes are, 

for instance not observed if there are strong winds. 
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MODEL BOUNDARY CONDITIONS 

In a barotropic case the vorticity equation de termines 

how vorticity is transported, but the total vo rticity 

is conserved in the interior . What actually drives the 

circulation is the vorticity produced at rigid walls 

and the wind induced vorticity at the surface. When 

modelling a sinking plume , h owever , horizontal density 

differences are the major driving mechanisms. Therefore, 

a simple slip wall condition at rigid walls is modelled. 

That is~~= 0 at a horizontal wall and t: = 0 at a 

vertical wall. Remembering that a rigid wall must be a 

strearnline , i . e . ~w = const . = 0 , yields n = 0. Using 

a slip condition has the further advantage that diffi­

culties arising in modelling vorticity at sharp convex 

corners (Roache 1972) are avoided . 

For simplicity , the wind stressat the surface is assumed 

to be zero. Free surface variations in the plume are on 

the order of a few millimeters . The slope of the free 

surface is , howevex , directly related to local pressure 

gradients that generate the dispersion of the flow (Poli­

castro et al . 1975) . Therefore, the free-surface loca­

tion must be c alculated with good accuracy. Yet, for the 

sake of sirnplicity (being able to use a fixed grid) and 

efficiency (bigger time step) of the numerical procedure, 

a rigid lid approximation is used , fixing w f = sur ace 

const. at z = 0 and thereby w (z=0) = 0 . 

At open vertical boundaries a zero horizontal gradient 

of vorticity is assurned as well as~:= 0. The w-value 

= ! u , at that boundary is then determined from n 
b cl z 2 

i . e . from the equation that defines vorticity if 

~: is zero (Roache 1972) . 
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The boundary conditions for temperature are those des­

cribed in Wilmot (1976): 

K clT 
V 8z -wT = 0 at horizontal rigid walls 

-Kh ~~ + uT = 0 at upstreams vert i cal rigid walls 

As uwall is zero, at a vertical rigid 'r,all, ~! = O is 

sufficient to model the last condition, although Kh~! 

is zero because Kh is zero at the wa ll . 

-Kv ~! + wT = - Q 6T at the surface 

Q6T is the net heat loss due to the overtemperature . As 

seen from table 1 Q 6T / 6T, where T is the overtempe­

rature , is rather constant for constant wind conditions 

when computed from the equations quoted by Wilmot (1976). 

Therefore , it is modeled by a constant coefficient. Mast 

of tlie numerical experiments, however, were preformed 

by assuming Q 6T to be zero . 

TABLE 1 

Net heat loss due to overtemperature divided by the over­

temperature 6T, assuming an ambient ternperature Ta= 0 . 

3Q6T 6T 
Q = clT 

/;T 3QöT 103 in cal 
~ 

table gives 

wind velocity 0 m/sec 

~ 
10 oc 0.36 

1 oc 0.28 

0.1 °c 0.28 

-2 cm 
- 1 , -1 

sec a egree 

1 m/sec 5 m/sec 

0.50 1. 33 

0.39 1.06 

0.38 1.05 

At open vertical boundaries T is prescribed if there is 

a flow into the interior whereas ~~ is zero if the fluid 

leaves the area under consideration. 
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NUMERICAL MODEL 

For the integration of the vorticity and temperature 

e quation, a numerical model developed by Wi lmot (1976) 

is applied, making use of a later extension toa semi­

implicit scheme for vertical diffusion (Wilmot 1977), 

which yields the following time structure 

!_ (F n+l _ Fn-1 ) 
2L::, t 

= (source fo F)n - (advection of F)n 

+ (horizontal diffusion of F)n-l 

+ 1/2 (vertical diffusion of F)n- l 

+ 1/2 (vertical diffusion of F)n+l 
I 

In order to avoid a splitting of the solution at adjacent i 

tirne levels, which is inherent to the leapfroq scherne l 
used by the rnodel, srnoothing occurs at regular tirne 

intervals. 

i, X 

X X X X X X X 

j 0 w ~-- -w----0----w----o-- - -w-----o-- -w- --o- - - - z = Om 
I 
I 
I 

X X u X u X u X u X u X 
I 

k,z 
I 
I ibk 0 b----w----o w w 0 w 0 

I 
I 
I 

il<k I 
X X X u X u u X u X 

I 
I 
I 

0 0 6----w----o 
I 

w 0 w 0 
I 
I 
I 

X X X X y X u X u X 
I 
I 
I 

0 0 0 o----w---p w 0 

X X X X X 

0 0 0 0 

X X X X X 

------ boundary 

o = streamfunction and vorticity grid point 

x = temperature and VM I X point 

Figure 7 

I 
I 
I 

p X u X 
I 
I 

o----w----o KME · 
I 

X X KMMj 
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Using the staggered grid (fig 7) and the difference form 

for advection (the Arakawa flux form) and for diffus i on, 

described by Wilmot (19 76) 1 results in the following 

equations for vorticity and temperature in a channel 

with constant width: 

26.t . n n 2v 
- PrE: -_--2 (V1'1IXi+J.,K + VMIX; K + A 

46.Z ~- V 

n+l 
n ij<-1 

+ [ 1 + Prs 26 t (VMIX~ + VMIX~ + ~ + VMI X~ + 
462 2 i+ lf Jl ~ i+~K+l 

VMIX~ + 2\! )J ~+l iK+l A ·. n lK 
J V I 

26.t n n 2v 
- PrE: --2 (VMIXi+lK+l + VMIX.K+l + A 

46.z 7 ~ V 

- n-1 
- n~K 

n~+l 
~K+l 

-2 26.t n n n n 
+ Fr 26.x (o~K + o~K+l - 0 i+~K - 0 i+~K+l) 

26t 1 I, n n n 
46x6z b Lni+J.,K (-ij;i+J,K+l + i/Ji+J,K-1) 

n n n 
- n i - ~K ( -ij; i - ,\K + 1 + ij; i - \K - 1) 

+ n (n n n n 1 

n i,K + 1 i/! i+ l,K + 1 - i/! i -1}< + 1 ) - n i+ ~K ( i/! i+ l,I<-1 - i/! i - J,K -1 ~ / 

\! 26t n-1 
+ PrE:cS A( l+ A )--2 (n i+J,K 

h 6x 

n-1 n-1 
2 n ~K + ni - ~K) 

26 t [ n n 2,J 
+ PrE: --2 (VMIXi+lK+l + VMIX.K+l + A 

46.z 1 ~ V 

n- 1 n - 1 
(ni,K+l - ni,K 
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- (VMIX~+i;< + VMIX~K + i~ n-1 n-1 ] 
( n ~K - n \K - 1 ) 

At each timestep this leads t oa set of algebraic 

equations, 

1 9 

ni,l = surface boundary ! 

condition 

a 2ni)+S2n~2+y2ni? 

aKn\K-l+SKn~K+yKni,K+l 

aKME-ln~KME-2SKME-ln\KME-l+yKME-ln~KME 

n i,KME 

= ERHS 
2 

= EHRSK 

= ERHSKME-1 

= bottom boundary 

condition 

which are solved by simple Gaussion elimination . 

The temperature equation takes the form: 

- 26 t (VMIXn + VMIXn + ~ 
E 2 'K iK-1 K 46z ~ 7· V 

Tn+l 
j,K - 1 

+ [1 + 26 t (VMIXn + VMIXn + 2 K + VMIX n + 
E 2 'K iK-1 K 'K+l 46z ~ 7· V ~ 

VMIXrK + ;: )] T~l 

26 t n n 2K n+l 
-E --2 (VMIX.K+l + VMIXiK + K )T.K+l 

46 z ~ 7"' V ~ 

= Tn-1 
~ 
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26t 1 n n n n +XF LUXP 

26x6z S (- ~ iK + ~ iK - 1 ) ( T i+ J}< + T \K ) 
I , 

2 6 t 1 n + n 
(T~ + T: -~K) + 26x6z b (- ~ i - lK ~ i-J,}~ -1) 

I 

26t 1 n n 
- 26x6z b (~i,.K - ~ i-J}<) 

(mn + Tn ) 
1 ~K+l if 

ZFLU_XP 

26.t 1 n iiP ) (T~K + T~K - 1) + 26.x6z b (~if-1 - i-~K-1 

K 26.t (Tn - 1 _ Tn-1) +såK(l+ K) 
h 6.x 2 i+~K i,K 

K 26.t n-1 n-1 
- E OK ( 1 + K) -2 ( T :i}< - T i - ~K) 

h 6.x - -XFLUXM 

+s 26 t 2 (VMIX~+l + VMIX~ + :K 
46.z V 

n - 1 n-1 
(Ti,K+l - T.i,.K ) 

n-1 n-1 -s 26 t (VMIX1: + VMIX1: + ~) 
462 2 :i_,K 1,K- 1 Kv (Ti,K - Ti)<_l) -ZFLUXM 

and the resulting set of algebraic equations is: 

S1Ti 2 + y 1Ti 3 = TRHS 1 (including boundary condition 

ZFLUXM = Q6.T 26.T) 
6.z 

aK-1 Tif-1 + SK-1 T~K + YK-1 Ti,K+l = TRHSK 

aKMM-2 + T~KMM-2 + SKMM-2 Ti,KMM-1 = TRHSKMM- 1 (including 
boundary 

conditions 

ZFLUXP = ()) 

That is, an explicit calcula tion of T~1 and TiKMM is 

not needed but fluxes through the boundaries are prescri­

bed . 
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Using the full third momentum equation ne c essitates 

solving a two-dimensional Po isson- equation for the 

streamfunction. This is done by successive over-re laxa ­

tion (Roache 1972). 

Adding O = ijJ~K - ijJ ~f to 

n+l_ l e + e+l + e+l 
bni}Z - 6z2 (1/J~K+l ij;if ij; i,K-1) 

1 e 
+ f,,x2 ( \jl i+J,K + 

ij; e+l + 1/Je+l ) 
i,K i - J.,K 

where e is the interation level, and rearranging the 

equation leads to 

2 
1/J~l = e + 

1/J · "K 6x ) 
i,t . 2 (1 -:-2" 

l i e + L ij;i +J,K 
e+ 1 6x e 

ij; i-~K + - 2 ij;if+l 
6 z . 

2 
+ 6x 

6z 2 

6z 

e+l 2 n+l 
1/J i,K-l - b6x n~K - 2(1 

6x e 
2 J + -2 ) 1/J~K 

6z 

In the SOR method, the term in brackets is multiplied 

by a relaxation factor a, where af l , For convergence 

it is required that 1 ( a < 2, The optimum value fora 

is empirically found by running some test cases . 

As the numerical scheme is only semi-implicit, there 

isa maximum time step. The stability criterion is 

(compare Wilmot 1976) that the maximum time step 6t, 

must obey the relat ion 

CFL < CFL ·t· l wi th CFL = 6 t cri ica 

as constant 6x and 6z are used 

and CFL . t . 1 ~ V 1-8 Htv2 + cr i ica 62 

u w 
(~ + ~\ 

6x 6z 1 

Ah '\. V Ah -),;:::: l -86 t -
6x 2 6x 2 

"' 
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As CFL · t · 1 has to be real , 6 t is limi t e d to cri i c a 

2 
6t < ! 6x 

8 Ah 

22 

Using 6x = 50 m and in most of the calculations Ah= 

~ 5 m2/sec , limits 6t to 60 sec . Typical maximum veloci-

ties u = 10 cm/ sec, w = 0 . 5 cm/sec and 6z = lm, max max 

allowed a timestep of 30 sec . 



.. 
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RESULTS AND DISCUSSION 

The first numerical experiment was performed to d emon­

strate the basically different beha v iour of a sink ing 

plume from a floating plume. Prescribing the same baro­

tropic transport (20 m3/ sec and the same constant coeffi­

cient describing vertical dispersion (A = K = 10 cm 2/ 
V V 

sec)) , the density field of a floating plume creates 

only positiv vorticity . The warm water is transported 

in the surface layer (fig 8) with velocities much higher 

than the velocities corresponding to the barotropic 

condition. 

110/~_J_;~~'f~- ~ 3 --------- 3 

L&--~~~~ ------ 3 ~ 
-~__.%:;--~ ~-~C-----=---------- - ---3 2 2 

~ ~ -, __1-.---:r----- 3 --=---- 2 ~--; 

~ 2 

0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 Q 0 0 0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 t) 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

Figur 8. Floating plume ambient temperature 10 °c 
discharge temperature 20 °c. 
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This additional out transport is compensated by an in­

transport in the bottom layer (fig 9) . A d ownward 

transport of heat other than by advection due to the 

barotropic velocity field , is entirely due to vertical 

mixing . 
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0 

0 
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Figure 9. 
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Floating plume, velocity vector s , horizontal 

scale = 20 x vertical scale . 

On the other hand , the feature typical for sinking plumes 

isa zone of convergence in the front of the plume (fig 

10) , which becomes more pronounced as the plume deve­

lopes (fig 11). 
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Figures 10 , 11. 
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The corresponding i s oli nes indicate the downward tran­

sport of heat due to thermal convection (f i g 12 ) and 

later spreading alon g the bottom (fig 13 ) . The ve rtical 

velocity components i n the zone of convergemeare in 

the orde r of 0.1 t o 0.2 cm/sec, increasing slightly with 

time . 

C 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 C 0 0 0 

0 0 C 0 0 C 

0 0 0 0 0 C 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 C 0 0 0 C 

0 0 C 0 0 0 

0 0 0 0 C C 

0 0 0 0 0 0 

0 0 0 0 C 0 

0 0 0 0 0 0 0 

0 0 0 C 0 0 0 

0 0 0 0 0 0 0 0 0 C 

0 0 0 0 0 0 0 0 0 C 

,rtl /9 ./ e_/ V 
V ,/ 0//v)/' i" \' ' ' ' '~ '/ i 1 I o a a 

's 1 I 1 \ o o o . 
l 1 1, J O O : ~::yy ' I . 
I I \ !\ 0 0 1 

I 1 I \ cl O ; 

~ 1, \ " ' , , /3 \ I l '-,! 0 ' 

2 1 1 "'--- o , 
3 3 3 ./ 2 / 12 I 1 ~ C I 

~ • 1 1 
2 
2~ 2 2 2 2 

2 2 2 2 

2 2 2 Y' 2 2 2 I I ' I 

2 2 I I ! 

2 2 l I l 

Figures 12 , 13. Two stages in the developement of a 

sinking plume temperature, ambient temperature 0 oc 
0 

discharge temperature 10 C. 
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Prescribing only half of the baro tropic transport, in­

creases both positive and negative vorticity. The 

additional vorticity results in an increase of the 

baroclinic part of the horizontal velocity component 

both in the surface layer in front of the zone of 

convergence, and in the bottom layer behind it and 

causes the total horizontal velocity component, in the 

vicinity of the zone of convergence, to remain i n the 

same order of magnitude (f ig 14 ), whereas the vertical 

velocity component decreases by some hundredths cm/ sec 

form W = 0.18 cm/sec to W = 0.15 cm/sec. max max 

- -- -- -- - ~ '-. .~ -- - - - - - \ / 

--. \ I .--
'- I ✓ 
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\ 
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l 

~ I 
J I \ 

' 
I - ,, , , 

' ~ I ! \ '-, - - -
' ' ~ 

\ '-.. - - - - ,. -
\ '---. 

"' -'-.. ---. 
'- '---. 

'-. -

Figure 14 . Discharge rate half of that in fig 11/13. 

The temperature isolines (fig 15) corresponding t _o fig 

11 show a much shorter plume . Both cases are, however, 

not run toa steady state, therefore nothing definite 

can be concluded about the location of the zone of 

convergence . 
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7/ ~ I J sJ I 0 0 C C ~ 

C 0 0 0 C 

0 0 0 C G 

0 C 0 C 0 

0 0 0 0 

0 0 0 C 

C 0 C C 

3 3 3 l l 0 0 

~ l l 0 C 0 

" 2 2 2 2 2 l l l 0 D s 
2 2 2 2 l l l 0 0 0 

2 2 2 2 I l l 0 0 

2 2 2 2 2 l l 0 C 
\. 

2 2 l l I l 0 0 

2 2 t l l t 0 0 

0 0 

0 0 

0 0 

Figure 15 . Discharge rate half of that in fig 11 / 13 . 

A as sumption often roade is that the hydrostatic 

approximation is valid . Comparing figures 14 , 15 and 

figure 16 , 17 respectively, this appears to be a 

good approximation . The diviations in vertical velocity 

components are only by thousandths cm/sec, the veloci­

ties being bigger if the hydrostatic approximation is 

used . 
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Figures 16, 17 . Hydrostatic approximation not used. 

Compare fig 14, 15. 
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Pronounced v ariation on the other hand, can be caused 

by the bottom topography . When one assumes a hill, 

instead o f a f lat bottom, the result of the computation 

is higher temperature in front of the hill. This is 

often observed in nature . The high temperatures shown 

in fig 3 (6 °c ), however, are not explained by the 

result of this numerical experiment. 
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Figure 18. 

Figure 19 . 
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All the forgoing experiments were carried out under t he 

assumption that there is no heat loss due to over tempe ­

rature at the surface . That is, of course, wrong and 

was just assumed for convenience. Two corresponding 

runs with A = K = 50 cm2/ sec anda barotropic tran-
v J V 

sport of 20 m /sec show that a rather strong heat loss 

8Q6T -3 -2 -1 -1 
modelledby aT = 10 cal cm sec degree causes 
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th e iso lines to s t eepen and thereby t he plwne s ho r t e n~ 

sl ightly (fi g 18 ) , (f i g 19 ). 
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Figure 20 . Plume with no heat loss to the atmosphere . 
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Figure 21 . Plume with heat loss to the atmosphere . 

In the velocity field , there appears only minor changes . 

(Fig 20 , 21 ). Although , the changes will b e probably 

more pronounced under conditions discusse d abo ve 

(smaller vertical diffusion coefficient) , the instabi-

lity , due to cooling at the surface if T > T , 
max 

does not change the major pattern , especi a lly because 
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t he relev ant t ime s cale f o r heat lost to the atmosphere 

is much b i gge r t han 6 hou rs. Cooling at t he surface has 

to b e i nclud ed , howe ver , if it is intended to verify a 

rnode l against measuremen t s . 

The most difficult tas k is t o model turbulen t hea t and 

rnomenturn transport i n th e r igh t way. Although the wa y 

they are modelled here is rather poor , t he results ob­

tained with dif f ere n t eddy coefficients used , indicate 

h ow sensi t i ve th e problem is to the right description 

of turbulence . 

Using K = A = 50 cm 2/ sec and K = A =10 cm 2/ sec res -v V V V 
pectively , results in isolines which do not look totally 

different (fig 22 and 23) but they indicate that there 

isa more pronounced spreading af warm water at the 

bottom if smaller eddy coefficient~s __ a~r_e_ u_s_e_d~· ------~ 
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Comparing the velocities, however, shows K . = A = SO 
2 V V 

cm /sec causes a very weak and shallow zone of conver-

gence (fig 24) and vertical velocity components o f the 

order of 0.01 to 0.05 cm/sec over a long hori zontal 

distance; in opposite t o the second case, where vert ical 

velocity components in the zone of converge nce are 

between 0.1 and 0 .2 cm/ sec but restricted toa much 

smaller horizontal distance . 
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Figure 24. Big vertical diffusion (A = K 
V V 

2 SO cm /sec) 
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Allowing higher eddy coeffici ents for unstable strati­

fication than for stable stratifi ca ti on has about the 

same effect as using grea t er constant eddy coeff i c i e n t, 

becaus e t he strat i f i cation i s unstable fora large 

horizon t al are a (c ampare fig 26, 27 

ti vely) . 

and 28, 29 re s pec-
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Fi gur e s 2 6 , 2 7 . Big e ddy coefficient in a r e as with 

unstab l e stratification . 
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Of the same importance as a p roper mo del of vertical 

mixing, isa good assump tion o f ho rizontal diffusion, 

because the last experiment demonstrates that the zone 

of convergence appears about 100 m closer to the outlet 

if Ah= Kh = 2.5 m2/ s ec is taken instead of Ah= Kh = 
5 m2/ sec . Furthermore the vertical veloci t y components 

double in size when the horizontal eddy coefficient 

is de c reased to one half of its initial value (compare 

fig 31 to fig 33) . 
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Figures 32,33. 
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Ah= Kh = 2.5 rn /sec. 
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From the above discussion, it is obvious that a rnore 

advanced representation of the Reynold stresses and the 

turbulent heat flux is needed. Simple rnodels for 

buoyancy-effected turbulence intend to handle rnainly 

stable stratification by predicting the collapse of 

turbulence at a critical value of the flux Richardson 

number, defined by: 

Rf 
Rate of turbulent energy rernoval by buoyant force 
Rate of turbulent energy creation by rnean shear 
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For unstable flow, however, the Richards on number cannot 

be used as a parameter since no mean shear neces sarily 

exists. More advanced models based on the solution of 

approximate transport equations for Reynold stresses 

and heat flux components require the solution of up to 

12 coupled, non linear partial differentia l equations. 

A model which might be of practical importance is given 

by Gibson and Launder (1976). The turbulent fluxes are 

calculated from the local values of turbulent kinetic 

energy and its dissipation rate. The approach does not 

use the effective-viscosity concept, on which earlier 

k- s models are based (applied ror instance in _Sven.ssnn - - 2 . k 
1976 , reference H-H leden), by assuming v ff = c -e JJ s 

Instead, algebreic formulas are solved for the turbulent 

fluxes as a function of k ands, the transport of which 

is computed from partial differential equations. As 

simplifications, like predominantly horizontal flow, 

cannot be assumed, the solution of these equations becomes 

rather time consuming in 3 dimensions. 

Therefore, time should be spent on their simplifications 

with respect to sinking plume modelling. A modification 

of the isotropic eddy coefficients, resulting from 

earlier k-s models by some Richardson dependence, (cam­

pare Raithby 1976 ) is rather arbitrary . 

Including such a turbulence rnodel, Raithby~s rnodel 

offers a cheap way to start 3-dimensional investigations 

of sinking plumes. Such investigations are nescessary, 

as ful ly 3- dimensionality is expected to al ter the loca­

tion of the zone of convergence and to change the tem­

perature distribution in front of the zone of conver­

gence . Basically , any differential-numerical model can 

handle sinking plume problems with a proper equation of 

state. The Paul-Lick rnodel has already been applied to 

sinking plurne problems (as mentioned in Dunn et al, 1975). 



' 
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but Raithby~s rnodel involves a better approximation of 

the advection terms and is in its simplicity, i.e. 

cheapness, rnore useful for basic 3-dirnensional nurner ica l 

studies. 
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