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EXTENDED ABSTRACT 

Analytlcal solutions of aset of equations that couples the Ekman 

boundary layer (BL) and the Prandtl slope wind equatio~s were 

obtained. To mode! the turbulent fluxes due to the subgrid scale 

phenomena, eddy vlscoslty and dlffuslvlty coefficlents were made to 

depend on both stabil Ity and helght ralsed toan arbltrary power, and 

the boundary layer height (h) on the Interna! stablllty (µs). As by­

products of these solutions and the boundary condltlons, analytlcal 

expresslons for the universal functlons of stabil Ity, A, Band C and 

for the reslstance and heat-transfer laws of the Rossby-number slmlla­

rlty theory for the boundary layer above sloplng terraln are 

presented. Lalkhtman and Kurdova's (1978) suggestion for the heat-flux 

distribution In the boundary layer was generallzed to lnclude has an 

additlonal parameter. From this, a still more general functlon C is 

derlved. It Is seen that these new stabil Ity functlons arean lmprove­

ment of those found by prevlous lnvestigators. 

As to the solutions of the reslstance and heat-transfer laws for 

a given set of externa! parameters, first three special solutions, two 

of whlch have much relevance In Antarctlc meteorology, were discussed: 

For the special case of slope angle (w) much less than an order of 

10-2 rad and In the absence of large scale flow, explicit solutions 

for the surface drag and heat-transfer (T*/80 ) coefficients and the 

dlrection (~) of the surface wlnd from the fall-llne vector are ob-

talned. Also for the 

-2 w << 10 rad, explicit 

special case of very !arge µ5 

expresslons for~ (when w * 0) and for 

and 

the 

cross-lsobarlc lnflow angle (a) In the special case of horlzontal 

underlylng surface (w = 0) are derlved and found to depend on µs 

vli 



V i i i 

alone. Next, solutions for JJS' the geostrophic drag (u./G) 

coeff i .c i ent, T./80 anda (oro) for the general case of 0 ~ 1jl ~ 10-l 

rad, for al 1 possible directions (X) of the geostrophic wind (Q) with 

respect to the fall-line vector and for all values of the externa! 

stabil ity (S) and surface Rossby-number (R) are obtained. From this, 
0 

an interesting and navel result is the finding that there are three 

different types of solutions depending on whether S (or ljl) is less 

than, equal to or greater than a certain critical value Se (or ljlc). It 

is found that the solution of a for S < S is of the 'oscillatory' 
C 

type, for S > Se of the 'staircase' type and for S = Se of the 

'transition' type. A physical picture for this behavior of the surface 

wind with respect to Q is offered and solutions of a (oro) JJs' u./G 

and T./80 for all three types are presented in graphical form, from 

which the appreciable influence of terrain slope on the transfers of 

momentum and heat in the BL (ascompared to the transfers for the case 

when 1jl = 0) is clearly discernible. 

Also, in a preliminary test of the results of this investigation 

with observations, it is found that the theoretical values of a (as a 

function of x> are in very good agreement with the observed values of 

o in Antarctica and therefore encouraging for further research. 



I. INTRODUCTION 

The interplay between thermally active sloping surfaces (i.e. 

with a definite excess or deficit of heat over that of the o~erlying 

air) and the wind and temperature regimes in the boundary layer (BL) 

has been the topic of theoretical and experimental research fora long 

time. For example, the so-called katabatic winds (caused by cold and 

wide sloping surfaces and modified by the action of the Coriolis 

force) are said to play the role in maintaining the continental ice 

caps in the interior of Antarctica and Greenland. This interplay is 

wel 1 documented by observations and therefore needs no reiteration. 

(Lettau and Schwerdtfeger, 1967; Schwerdtfeger, 1972). However, the 

development of a unified theoretical framework to explain the 

observational findings has not been so succesful. Recently Gutman and 

Melgarejo (1981, here-to-forth referred toas GM) proposed such a 

theoretical model for the BL above sloping terrain in a way that 

generalizes the formulation of the previous investigators (e.g. 

Prandt 1 , 1942; Bal l , 1960, Gutman and Ma 1 bakhov, 1964) . In GM 

generalized expressions for the resistance and heat transfer laws and 

the universal functions of stabil ity A, Band C of the Rossby-number 

similarity ,theory for the BL above sloping terrain are already given. 

However, on the influences of terrain slope on the momentum and heat 

transfers for slope angles even of an order as small as 10-3 rad 4 , 

only a qualitative picture was given except for the special case of 

momentum and heat transfers in the absence of !arge scale flow and 

-1 slope angles of order 10 rad. 

--------------------4 
For abbreviations see Appendix A. 
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In this paper a thorough revision of the theoretical model in GM 

is presented. That is, wherever possible the shortcomings of that 

model are removed and some of the assumptions are generalized so as to 

make the present theoretical model as general as possible and yet 

tractable to analytical methods of solution. Then quantitative 

assessment of the appreciable influence of terrain slope on the 

momentum and heat transfers is presented in the general case of slope 

angles varying in the ranges from zero to about an order of 10- 1 rad 

(or 10 deg) and for all orientations of the !arge scale flow (or 

geostrophic wind) with respect to the fall-line vector (FLV, directed 

downwards along the direction of greatest slope) and all combinations 

of the externa! parameters. 

The mathematical model and solutions will be given in section 2, 

the expressions for the resistance and heat transfer laws in section 

3, the expressions for the universal functions, A, Band C in section 

4, the results and discussions in section 5, a comparison with 

observations in section 6 and the conclusions and future outlook in 

section 7. 

2. THE MODEL 

2.1. Governing equations 

In GM, from a balance of Coriolis, frictional and "drainage" 

(component of the buoyancy force parallel to the FLV) forces in a non­

accelerating steady flow, a system of equations for the BL above 

sloping terrain is derived in a way that conveniently couples the 

usual Ekman BL equations with the Prandtl slope wind equations. Since 



it has been pofnted out that the derivation of these equations may be 

unfamiliar and also for completeness, the following non-dimensional 

form is derived in detail in Appendix5 B: 

g (K dp) - i p = 0 
dz dz 

~ (K dq) = 0 
dz dz 

( 2. l ) 

(2.2) 

To close this system the eddy viscosity K will be modelled quite 

genera 11 y as 

K = e z0 (2.3) 

where a and e can. be any non-dimensional functions. The only 

requirement is that they be independent of z. For reasons that will 

become apparent later, the form of K in (2.3) is modified without 

loss of general ity to 

K = vl-a za (2.4) 

where v like e can be any non-dimensional function independent of z. 

As in GM, the no-slip condition, the condition of finite heating 

or cooling and the definition for the fluxes at Z=Z o' and the 

assumption of vanishing fields at z=h give the following lower and 

upper boundary conditions for the system (2.1) and (2.2), respectively 

5-------------------
For notations see the list of symbols in Appendix A. 

3 
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p = -an sin X - b m + i b n cos X 

q = -n sin x + (....L ) b m 
2 1-a 

at z = z (2.5) 
0 

zf!e = a sin cS - b 11/a~ - i b cos 6 dz 

299 = sin 6 + (....L ) b 11/a~ dz 2 1-a 

and 

at z = h, p = q = 0 (2.6) 

The boundary conditions (2.5) arise from the physical requirement of 

no motion and therefore large vertical gradients at the surface and 

(2.6) from the requirement that the deviation fields from a background 

atmosphere (see Appendix B) vanish at the top of the BL. 

Final ly, the conjugate conditions (at z = v) imposed to achieve 

continuous solutions are: 

P:z=v+o = P:z=v-O 
QQ., 
dz'z=v+o = 

QQ, 
dz'z=v-O 

at z = V (2.7) 

q:Z=v+O = q:z=v-O 
gg, 
dz'z=v+o = 

gg, 
dz'z=v-o 

The other definitions in (2.5) have the following meaning: 

n = kG/u*, (2.8) 

and the sense of the angles <S, ~ and x is given in Fig. 2. 

This completes the formulation of the problem. The solutions will 

be given next . 



2.2. Solutions 

Since the solutions of (2.1) and (2.2) determine totally the 

shape of the universal functions A, Band C as will be seen- later, 

much effort was devoted to finding as complete and as general 

solutions as possible for the medel of K in (2.4) and the boundary 

conditions (2.5) and (2.6), such that any further improvements of the 

solutions would have to be made by revising the medel of K and/or by 

introducing a more general formulation of the problem. 

As to the solution for p, it is interesting to note that the form 

of (2.1) for the medel of K in (2.4) isa special form of the 

following mere general differential equation with variable 

coefficients, called here "transformed Bessel's medified differential 

equation", 

(2.9) 

where a, v, y, and ö are all arbitrary constants. Observe that the 

transformations 

wi 11 reduce 

P = 2 (1-a)/2 P (~) 

~ = 2 ( i a-1 
V Y)l/2/ . z y 

(2.9) to the more familiar 

differential equation of ordern", 

(2.10) 

"Bessel's modified 

(2. 1 1 ) 

5 
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where 

2 n = [ (a-1) + (2. 12) 

From (2.11) it follows in the usual notation for Bessel functions 

that the general solution of (2.9) is. 

a In(()+ b I_n((), n ..,_ integer 

p = z(l-a)/2 • (2.13) 

a I n( 0 + b Kn< 0 ' all n 

where 

( = 2 ( i V 
a-1 • zY)l/2/y (2.14) 

and In and Kn are respectively the modified Bessel functions of the 

first and second kind and of ordern. In this investigation n is 

defined in (2.12) anda and bare arbitrary constants. The definitions 

of In and Kn can be found in standard text books on Bessel functions 

(e.g. Watson, 1944). 

From (2.9) and (2.13), it isa simple step to extract the 

solution of (2.1) which corresponds to K in (2.4). Thus by simply 

setting ö = 0 and y = 2 - a in (2.9), (2.12) and (2.14), the general 

solution of (2.1) for K in (2.4), irrespective of the sign of n in 

(2.12), is (2.13) forn and ( given by 

n = (a-1)/(2 - a) 
(2. 15) 

The mode! of K in (2.4) isa generalization of the previous 



models of K that have appeared in the literature. It includes a as an 

independent parameter, such that the particular solutions of (2~1) or 

(2.2) for the particular model of K can be recovered simply by 

choosing the corresponding values of a; e.g., the well-known solutions 

for constant K can be recovered by setting a = 0 in (2.4), etc. The 

mode! in GM corresponds toa= (2 ± 2)/3 in (2.4) for the unstable 

and stable cases respectively when v ~ z ~hand it corresponds to 

a = 1 when z0 ~ z ~ v. That is 

a = a 11 JJS, z0 ~ Z ~ V 

K = a = 4/3, JJS < 0 (2.16) 
V ~ z ~ h 

V a = 0 lJS > 0 

where 

~u/Us • lls < 0 
V = 

l/(BuJJs)' lls > 0 

(2.17) 

lJS = As/l = a JJ 
2 2 

[ L = u* /(k BT*) ] (2.18) 

and ~u and Bu are constant coefficients whose physical meaning will be 

given later. Other examples of solutions of (2.1) fora particular 

medel of K obtained by a particular choice of a in (2.4) 

found in Zilitinkevich et al. (1967). 

can be 

In what follows, this investigatfon will be concerned only with 

the generalized solutions (2.13) that correspond to the special rnodel 

of K in (2.16). First, the solutions fora= (2 ± 2)/3 from (2.13) -

(2.15) are 
-1 

2+4 · 
p = z - [a 1112 (~ 2 ) + b 1_ 112 (~ 2 )] (2.19) 

7 
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which, with the following expressions for the Bessel functions 1112 

and I"'"" 1 12 , 

11,2 (x) = (TI2X)l/2 sinh X 

(2.20) 

I_ 11 2 ( x) = ( n 2 x) 1 12 cosh x 

and the boundary conditions (2.6), can be more elegantly written as 

p = C3 
-(1+1)/6 . h(E; z - sin 2 - E; ) h (2.21) 

where 

(z = (2 ± l)[ivl/(1±2))1/2 21/(2±1) (2.22) 

and (h is obtained from (2.22) by setting z = h. C3 is an arbitrary 

constant. In (2.21) and (2.22) the upper sign is for the case when 

I+ 1 / 3 
K = (z /v) and the lower sign for the case when K = v. 

Next the solution of (2.1) for K - z from (2.13) and (2.15) which 

corresponds toa= I and therefore ton= 0 from (2.15) is 

where 

(2.24) 

and a and b are arbitrary constants as before. Note that the 

definitions of a, y, a, b, and n in this sub-section are not to be 

confused with the definitions of the same elsewhere. 



As to the solution for q, the solution of (2.2) for the model of 

K in (2.16) is straightforward and will be given below without further 

discussion. 

In sunvnary, the solutions for p and q from (2.1) and (2.2) which 

conform with the model of K in (2.16) and written in a more familiar 

notation are respectively: 

(Cl+ C2 f.n z) H (iz) - 2C 2 H (iz), all ~5 • z0 , z ( v 

p = 1/2 
C~ sinh [(i/v) (z - h)J, (2.25) 

C -1/3 . h[ 3 .112 116(z113 hl/3)] 
3 z s1n 1 v - , ~s < o 

c 1 + c 2 t.n z, all ~5 , z0 ~ z ~ v 

q = c~ (z - h), ~s (2.26) 

-1/3 h-1/3) 
C3 (z - ' 

where 

GD 

H ( i z) = r (iz)n/(n!>2 
n:O 

GD 

M( i z) = r t . ( iz)n/(n! >2 
n:O n (2.27) 

n 
t = r l / IC • to = 0 n 

IC= l 

and C1 , C2 , C3 , C~ and c 1 , c2 , c 3 , c~ are arbitrary complex and real 

constants of integration respectively. 

It can be seen that (2.25) - (2.27) area generalization of the 

9 



10 

solutions in GM not only to include the height h of the BL as an 

additi.onal parameter but also to include all powers of z in the first 

expression for p, which can be necessary when vis not so small near 

neutral cases. The solutions in GM can be recovered by letting h + 00 

in (2.25) and (2.26) and neglecting in (2.27) all terms with powers 

of z higher than one. 

In retrospect, it is seen that the first expression for p in 

(2.25) can also be obtained by substituting into (2.1) a power series 

of the form 

00 

p = a 2 n + ln z 
n 

00 

and solving for the coefficients an and bn to obtain 

n ~ O 

n ~ O 

(2.28) 

(2.29) 

Along the same theoretical lines of this latter approach, the 

solution of (2.1) for K in (2.16) and for the special case of z << 1 

has already been presented e.g. in Kazanski and Honin (1961), 

Laikhtman and Yordanov (1978) and in GM. It is easy to see that by 

substituting (2.29) into (2.28) the first expression for pin (2.25) 

and the definitions (2.27) will be recovered. 

As to the physical meaning of the constant coefficients au and ~u 

in (2.17), it can be shown that a is the inverse of the critical u 

Richardson flux number R. f, (Businger et al., 1971) 
1, C 

(2.30} 



where , = z/L is a non-dfmensional height, ♦ <,> some universal 

function and L the Monin-Obukhov length scale defined in (2.18). From 

(2.30) it is seen that 

l i m 
,➔+oo 

(2.31) 

The value of Bu according to recent investigations regarding Ri,fc 

(e.g. in Louis et al., 1981 and Laikhtman and Kurdova, 1980) is close 

to eight, i.e. for R. f = 0.125. 
1 , C 

On the other hand, 'u is related to the value of ,, say, = ,,, 

at which transition from unstable to free-convection regime in the 

surface layer takes place. Also from recent investigations, e.g. in 

Kazakov and Lazriev (1978), regarding the shapes of eddy viscosity and 

eddy exchange coefficients in free-convection in the surface Jayer, 

the following expression for <u can be derived 

3 I I+ 'u = ,1c1 - 15 <) at < = <' (2.32) 

The value of ,, from Kazukov and Lazriev is -8.21. It is seen 

that for,,= -8.21 in (2.32), <u = -0.22 is obtained, which is about 

three tim~s greater than the more conventional value of 'u = -0.07 

used in GM and in many other investigations. Test calculations carried 

out for both values of < showed that better results are obtained for u 

the choice of 'u = -0.22. 

In the next section the solutions (2.25) - (2.27) w i 11 be 

utilized to derive expressions for the resistance and heat-transfer 

laws of the Rossby-number similarity theory for the BL above sloping 

terrain. 

. 11 
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3. EXPRESSIONS FOR THE RESISTANCE AND HEAT-TRANSFER LAWS 

As discussed in GM, care must be taken in introducfng the 

definitions of the real functions A, Band C into the derivation of 

the resistance and heat transfer laws based on the solutions (2.25) -

( 2. 28) • Non-judicious methods of definition will result in making 

these functions dependent not only on the internal stabil ity parameter 

µs but also on the other parameters such as 0 (or ~). thus making them 

more difficult to determine at least from observations. It is shown in 

GM that the following definitions 

B + A + tn k and f,1 = C + tn k 
c2 

( 3. 1 ) 

have the desirable feature of making these functions depend on µs 

alone. 

This means that by changing the slope angle ~ (even for the 

cho ice of ~ = 0) on 1 y the argument of these funct i ons w i 11 be changed 

but not their shape. From this the interesting conclusion is that the 

A, Band C functions so derived are the very same universal functions 

derived when solving the problem of the BL above a horizontal surface 

and which are currently the topic of much theoretical and 

observational research. The other definitions e.g. those that are 

introduced in Laikhtman and Yordanov (1979) do not give this desirable 

property. 

The above conclusion will make it possible to compare and 

exchange the A, Band C functions thus found in this investigation 

w i th those in other i nvest i gat i ons. Then fo 11 ow i ng the method i.n GM, 

because of the smallness of zo<< 1, first the solution (2.25) for 



z = Z0 is reduced with a high degree of approximation to 

p = Cl + C2 tn z; q = 
at z = zo (3.2) 

z QQ. = C2; z Qg = c2 dz dz 

Next, substituting (3.2) inta the lower boundary conditions (2.5) 

and combining the result with (3.1), gives the following generalized 

expressions for the resistance and heat transfer laws for the BL above 

sloping terrain 

-an b sin x - m = (8 + t)(a b sin ö - n/o~) + A cos ö 

n cos X = -(B + t)cos ö + A(a b sin ö - n/o~) 

-n b sin x + _a_ m = 
l-a2 

(C + t)(b sin ö + a 2 n/o~) 
1-a 

6 where n, m and n areas defined in (2.8), 

t = tn (k z0 ) = tn ( k ~ R) 
0 

(b = sign ,> 

(3.3) 

(3.4) 

and A, Band C are the universal functions of ~s alone. The parameter 

b is introduced to make (3.3) applicable for either Northern or 

Southern Hemispheres. 

Upon substituting from (3.3) into the following definition of the 

externa! stratification parameter S, 

6------ ---------
The overbar in z0 is kept to avoid ambiguity. 

13 
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S = - B 00 /(f G) (3.5) 

the following implicit relationship for the computation of µ (or 

equivalently of µs = a µ) in terms of S is obtained: 

n S - [(l - a2 )/(a~)][(B-C)a b sin 6 + A cos 6) 
µ = -k2 a~ -----------------------

C + t + (1 - a2 )(B - C) 
(3.6) 

The transcendental system of equations (3.3) ( 3. 6) is now 

closed in the sense that there are four equations for the four 

unknowns n, m, 6 {or ex) andµ {or µs> and can be solved fora given 

set of the non-dimensional externa! parameters Sand R0 and the 

dimensional externa! parameters N and'f and the angles x and~-

From (3.3) it is not difficult to see that there are various 

special cases of interest for the resistance and heat transfer laws 

which can be extracted fora special set of the externa! parameters. 

For example, in GM two special cases of interest were discussed in 

some detail. In the present study, three other special cases of much 

interest in certain meteorological applications will be dealt with in 

subsections a,b and c. As will be seen, for purposes of obtaining 

either the general or special solutions, it is expedient to transform 

the system (3.3) - (3.6) to the following more convenient form 

-n cos ex= {B + t) - b1 

-b n sin ex= a A - b2 (3. 7) 

m = ~ (C + t + b 5 ) 

and 



where 

n S - a ~(N/f) 2 [(B-C)a b sin 8 + A cos 8] 

C + 1 + (a ~ N/f) 2 (B - C) 

b 1 = (B - C)[an + (1 - a 2 )b sin 8]b sin 8 - An cos 8 

2 b2 = (B - C)[an + (1 - a )b sin 6] cos 6 +An b sin 6 

b k N) 2 0 a ~ 
s = [(B - C)(n - a b sin 6) - A cos 8] (-r aH u 

(3.8) 

(3.9) 

and the notation b5 is used to conform with the notation in GM. Also 

from (B27), it is seen that (1 - a2 ) = (a ~ N/f) 2 • 

3.1. Sloping Surtace Special Case I (y = 0) 

In the atmosphere this case corresponds cornmonly to the stable BL 

capped by a well-mixed potential-temperature layer, where y ~ 0 even 

in the prescense of large-scale flow. This situation can arise part~ 

icularly in low and middle latitudes over land in the surrvner when the 

BL in its diurnal cycle switches from a deep, well-mixed daytime 

' unstable layer to a much less mixed and shallow nighttime stable 

layer. This case has been studied e.g. by Brost and Wyngaard (1978). 

Thus y = O (or N = 0) in (827) gives a = 1. By substituting a = 

and N = 0 into (3.7) - (3.9) and then solving forn, a, m and~, the 

following simpler relations for the resistance and heat transfer laws 

and~ are arrived at: 

(B + 1/ + A2 = (B + 1 ~ 0) (3.10) 

15 
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sina 2 2 
= -b [A b3 + b4(B + t)]/(b3 + b ~) 

(3.11) 
cos a 

80 /T. = (C + 
0 

t)/aH (3.12) 

and 

-k2 0 .JU_ JJ = aH (3.13) C + i 

where 

b3 = Q cos z + n 

b4 = b Q sin z (3.14) 

Q = : ?j : [A2 + (8 - C)2]112 

z X + b arg [Af!' (B - C)i'i] ( i'I 0 = = n/aH) 

and t is defined in (3.4). Here arg stands for the argument of the 

complex number, say, f = x + i y, whose definition can be written as 

arg (x,y) = tan- 1 (y/x) + [l - sign(x)] sign(y)(n/2) (3.15) 

Note that (3.15) in terms of the FORTRAN standard function ATAN2 is 

arg (x,y) = ATAN2 (y,x). 

It can be seen that by setting w = 0 into (3.10), (3.11) and 

(3.14), the corresponding expressions for the BL above a horizontal 

surface can be recovered. 



3.2. Sloping Surtace Special Case II (G = o, ip « f/N) 

The atmospheric counterpart of this case has been observed to 

occur approximately during the winter months in the ice-caps of 

Antarctica and Greenland at the time when the surface cooling by 

radiation is intense. For example, in Gutman and Malbakhov (1964) a 

non-stationary mode! of the BL was developed to study this situation 

(which corresponds to "katabatic winds" in the usual terminology) in 

the interior of Antarctica in the absence of geostrophic wind (G = 0) 

but under the influence of Coriolis forces (f ~ 0). Their results seem 

to have compared favorably with observations. 

Thus, by setting ip << f/N in (B27), a ~ 1 is obtained. Since 

G = 0 and a = 1, n = 0 and l = 1n(fz0 /u.) are obtained from (2.11) 

and (3. 4) respectively. Furthermore, since the system (3.3) is 

independent of x, x can be defined at will anda will be obtained from 

x = a + ö. Thus x = 0 gives a = -ö. By substituting n = 0 anda= 

into (3.7) - (3.9), the following expressions for U/u., ö, e0 /T* and~ 

are obtained: 

B + 1 = - A T - 2 tn(f/N) [1 = tn(U/u.)] (3.16) 

sin ö = bfl(l-IT)/ ( l + T2 ) 

?I (I+ T) / (1 + T2 ) 

(3.17) 
cos ö = 

e 
0 0 

- A (I+ T) + b5 (3.18) aH ,=-= 
* 

and 

17 
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2 
n S - ij,(N/f) [(B - C)b sin 6 + A cos 6] 

k2 0 -------------------u = - OH ~ 2 
C + t + (ij, N/f) (B - C) + 2 tn (f/N) 

(3.19) 

where 

= (B - C)/A 

T = sign (A) 
2 [ n ( I + I 2) - I] 1 / 2 (3.20) 

bs = [(8-C)(f)-b sin 6) - A cos 6] (k N/ t 0 
u 0 H f 

2 
n = k U/u* u = z N /f 

0 

~ 0 s = -o ao/(yzo) . H 

Note that (3.16) and (3.17) are also special cases of (3.10) and 

(3.11). This can be seen by setting n = 0 and x = O in (3.14) and 

substituting o = -6 into (3.11). 

Furthermore from (.3. 17) it fo 11 ows that 

6 = b arg [ n ( I + T) , n ( l - I T) ] (3.21) 

For u known, (3.16), (3.18) and (3.21) are the explicit solutions 
~ 

for U/u*' 00 /T* and 6 respectively. However, when u is not known a 

priori, the relations (3.16) - (3.19) become implicit in u and the 
~ 

solutions for U/u., a /T* and 6 are more difficult to find. 
0 

3.3 . Sloping Surtace Special Case III (us = ±~, 1j, << f/N or y = 0) 

As seen in subsections a and b, the effect of the simplifying 



assumptions w << f/N and y = 0 is to give first a = and then to 

reduce the system (3.7) - (3.9} to the simplified system (3.10}, 

(3.11} and (3.14} forn anda. From this system and under quite 

general assumptions regarding the functions A, Band C, the following 

interesting expressions for the direction 6 of the surface wind (from 

the FLV when ~ * 0) or for the cross-isobaric inflow angle a (when 

w = 0) in the limit of µ5 = ±m are obtained: 

(a} In the case of w * 0, the further assumptions of Q + ~ in 

(3.14} and 8/Q + 0 asµ + ±m (which are probably true for all 
s 

and C functions used in practical applications} yield 

I im 6 = -b I im arg [A l'i, (B-C)r\] 
µ ++m 

s -
,. ++m .. s -

<w * o> 

A, B 

(3.22) 

(b) In the case of ~ = 0 and therefore a = I and 11 = 0 exactly, 

the system (3.10) and (3.11) is reduced to 

A2 + (B 
2 2 

+ 1) = n (B + 1, 0) 

n = k R e1 
0 (3.23) 

sina = -bA/n 

cos a = -(B + 1)/n 

Next, for any particular value µ0 of µs' it is seen that (3.23) hasa 

real solution if and only if 

: A: , k R e -B 
0 

(3.24) 

If this condition (3.24) is satisfied in- a neighborhood of 

µs = µ0 (including µ 0 = ±m), then the following asymptotic formulae 
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hold: 

n ~ 

solution of (3.23), 

k R -B o e 

solution of (3.23), 

lim a = b tan- 1 [lim (A/8)], 
us+u0 u+u0 

if B + finite value 

if B + -m (3.25) 

if B + +~ 

if B + finite value 

if B + -~ 

(3.26) 

sign(A) 
if B + +~ 

It is interesting to note that a1though ultimately the value of ~ 

should depend only on the stabil ity parameter u , here it depends, as 
s 

seen from (3.22), (3.25) and (3.26), also on the values of the 

functions A, B and C or A and B for the case when + * 0 or + = 0 

respectively. That lim~ when + * 0 should depend not only on A and B 

but also on C is consistent with the mode! equations (B20), where 

momentum and temperature fields are coupled by the very terms which 

contain +. On the other hand, when + = 0 this is no longer the case. 

More detailed theoretical investigations and comparisons with 

observations of the results in subsections 3a, 3b and 3c could well be 

the topic of a separate paper. As stated earlier, the aim in the 

present study is to obtain the solutions of (3.7) (3.9) for the 

general case of a * I, G * 0, f * O, for+ varying in the range of 

-1 
0 ~ + ~ 10 rad and for all possible values of X, but first the ex-

pressions for the universal functions A, Band C will be derived. 



4. EXPRESSIONS FOR THE UNIVERSAL FUNCTIONS A, Band C 

In the context of the theory in GM, the precise knowledge of the 

A, Band C functions has proven to be necessary to obtain sensible 

results for the resistance and heat transfer laws from the system 

(3.3) - (3.6) or equivalently (3.7) - (3.9). At the beginning of this 

investigation, the A, Band C functions of Arya (1975), reputed to be 

the best available functions derived from observations, were utilized 

in solving the system (3.7) - (3.9). However, experimentation soon 

showed that in many cases these A, Band C yielded quite unreasonable 

solutions (at least from a theoretical point of view). 

circumstance prompted a search for alternative functions. 

This 

The 

theoretical functions derived in GM were tested and results showed 

that the former functions produced results which were closer to the 

expected results for the same cases where Arya's failed. For these 

and other reasons, primarily because their validity is for only a 

limited range of u, Arya's functions were abandoned. s 

4.1. Expressions for the height hot the BL 

From the Rossby-number similarity theory postulate, it follows 

that the height h of the BL must also be a function of the stabil ity 

u5 alone. In the spirit of the papers by Zilitinkevich (1972) and 

Zilitinkevich and Manin (1974), such an equation for h is 

( 4. l ) 

where hand Kh are non-dimensional variables defined in (B30) and, in 
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the nomenclature of Charney, Kh is the effective value of the eddy 

viscosity K, which can be obtained from (2.16) by simply replacing z 

by h. It was Charney (1969) who first suggested an analogous 

expression for h for the neutral case, which was later generalized by 

Zilitinkevich (1972) and Zilitinkevich and Monin (1974) to include the 

effects of stratification. 

Thence substituting from (2.16) and (2.17) into (4.1), the 

following expression for h is arrived at 

h l-e/2 e/2 
= 0 V (4.2) 

where 

(4.3) 

and o is assumed to be a constant whose numerical value depends on the 

stratification. 

As to the numerical values of o in (4.2), experimentation and 

data simulation show that o = 1000 anda= 10- 1 for the stable 

and unstable cases respectively, produce the most sensible results. 

4.2. Universal functions A and B 

In the hopes of deriving as exact an expression as possible for 

the functions A and Bas pointed out earlier, the painstaking task of 

utilizing the exact solutions (2.25) - (2.28) to derive these 

functions was undertaken. Except for the I imitations imposed by the 

simple mode! of K in (2.5), these new functions are exact in the 

context of the present theory. The derivation of the function C will 



be given in the next subsection. 

Thus as in GM, the new functions A and B are obtained by 

substituting the solutions (2.25) - (2.27) into (2.7) and then 

combining with (3.1). The result in complete form is, 

00 

A = r a n 
X 

n=-1 n 

(4.4) 
00 

B -tn (k x2) + r b n = X 
n=-1 n 

where 

1/2 
X = " 
a = -Re(Rn) sin(nn/4) - Im(Rn> cos(nn/4) n 

(4.5) 
b n = lm(Rn) sin(nn/4) - Re(Rn) cos(nn/4) 

00 

R(l1) = r R Ån 
n=-1 n 

Here a_ 1 and b_ 1 are both zero for the unstable case (µs < 0), and the 

notations Re and Im stand respectively for the real and imaginary 

parts of Rn· The generating function R for Rn is given in Appendix C. 

Preliminary experiments were carried out with A and Bas defined 

in (4.4) and (4.5) respectively, for various constant values of hand 

for h a function of ~sas defined in subsection c. The results 

indicated that for the values of h tested and for µs as small as 

I 11 I :,, 
1 .. S I I, the infinite series can be truncated with good approximation 

at n = 3 in the stable case and n = 4 in the unstable case. 

For purposes of future use and comparison with the expressions of 
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other investigators, the infinite series (4.4) for powers of x up to 3 

for the stable case are 

A = -f/x - g x - (fg/3 - 2/3)x2 + (f/2)x3 

(4.6) 

2 2 3 
B = -in(k x) + g/x + 1 - fx + (cd/3)x - (g/2)x 

and for powers of x up to 4 for the unstable case are 

2 3 
A = -9 g x - l0x - 9 fx 

(4. 7) 

2 3 4 
B = -in (k x) - 3 - 9 fx + 9 gx + (17/4)x 

where 

1/2 
X = 'V 

f = (c - d)/2112 

g = (c + d)/2112 
(4.8) 

C = sinh (0)/[cosh(0) + e cos(0)] 

d = e sin (0)/[cosh(0) + e cos(0)] 

and 

stable ( JJS > 0) unstable ( JJS ( 0) 

e = -(20)1/2 e = -3(2a) 112 

-1 (4.9) 
a = 1000 a = 10 

e = e = -1 



Note that the missing powers of x in (4.6) and (4.7) al I have zero 

coefficients. 

As was said regarding the solutions (2.25) - (2.27), it should 

also be said here that the new expressions (4.6) and (4.7) for A and B 

respectively area generalization of the expressions derived in GM not 

only to include the height h of the BL as an independent parameter, 

but also to include powers of x higher than one. In (4.6) and (4.7) 

upon letting h ➔ ®and neglecting powers of x higher than one, the 

formulas for A and Bin GM are recovered exactly. Moreover, the 

infinite series in (4.4) stil I seems to be convergent for all 1 µ 1 ~ I I SI 

and for h either any constant value or a function of µsin the form 

defined in subsection a. 

4.3. The universal function C 

As to the derivation of function c. substituting the 

corresponding solutions for q in (2.26) into (2.5) first and then 

combining the result with (3.1) yields 

C = - tn (kv) + I - (h/v) 

for the stable case and 

1/3 
C = - tn (kv) - 3 + 3(v/h) 

for the unstable case . 

(4.10) 

(4.11) 

The expressions (4.10) and (4.11) for C are exact in the sense 

that no approximations are introduced into the derivation. Although 

25 



26 

these functions are exact and give improved results over those of Arya 

( 1975 ). in the sen se that they are val id for greater val ues of : I.Is: , a 

closer examination showed that they needed improvement especially in 

the range of 1 1.1 1 ~ 10 
I SI '< • Thus attention was turned to finding ways to 

improve them. 

4.4. A new model for temperature and the universal function C 

Recently, in Laykhtman and Kurdova (1980) an improved equation 

for the distribution of heat-flux in the BL was suggested, which is 

followed-up and generalized to include has an additional parameter. 

An interesting feature of this equation is that it has three free 

parameters two of which are connected'with the boundary values Hand y 

(Appendix A) and the third one allows for curvature in the heat-flux 

prof i 1 e. It seems that this equation should be sufficient to 

satisfactorily describe the distribution of temperature in most 

situations. From this, an equation for the temperature is derived 

• 7 
which in non-dimensional form can be wr1tten as 

d9' 
= 

dz 

c 2 (1 z/h) 

2 
K + r z 

(8' = 9'/T.) (4.12) 

where r is the third free parameter mentioned above, whose numerical 

value wil I be determined by experimentation. The other two are 

absorbed in the definitions of 9' and K. It can be seen from 

(2.5) and (3.2) the value of c 2 for the case of the BL above a 

-------------------7 
Overbars to indicate non-dimensional variables are omitted for 
S i mp ] i C i ty . 



horizontal surface is c2 = 1/a~. 

From (4.12) it is seen that for z = z and z = h, the expressions 
0 

for the constant heat flux in the surface layer and the heat flux in 

the free atmosphere are recovered, respectively. For the mode! of K 

in (2.4), it is interesting to note that the integral of (4.12) isa 

particular form of the following more general integral 8 : 

M 
r ak 

k z 
k::O 

8' = f dz (4. 13) 
a ZQ + b z':~ 

whose solution is given in Appendix 0. 

The particular solutions of 8' corresponding to the mode! of K in 

(2.5) are easily obtained from (02) by simply setting the values of 

the corresponding parameters. Thus from (02) the solutions are: 

a) For the neutral case, the solution for K = z and h = 1 is 

1+1 tr 8' = -c 2 tn {[(l+rz) ]/z} + c 1 (4.14) 

b) For the stable case, the solution for K = v which satisfies 

the boundary condition (2.6) is 

-1/2 -1 1/2 
8' = c2 {(rv) tan [(rv) (z-h)/(v+zh)) -

2 2 
- [l/(2hr)] tn[(l+rz /v)/(l+rh /v))} (4.15) 

c) K -1/3 i./3 
For the unstable case the solution for = v z which 

8 -----------
The notations a and b here are not to be confused with the same 
notations elsewhere. 

27 



28 

satisfies (2.6) is 

-1/3 -1/3 0' = -3c 2 {(z/v) -(h/v) + 

( ) l/2t -1(( 1/3 )1/2 1/3 1/3)/ + rv an v r (z -h 

1/3 1/3 2/3 
/[l+r(zvh) ] + [l/(2hr)] 1n[(l+rv z )/ 

(4. 16) 

Substitut i ng the so I ut i ons ( 4. 14) , ( 4. 15) and ( 4. 16) i nto ( 2. 7) 

for the neutral, stable and unstable cases respectively and combining 

the result with (3.1), the following generalized expression for C is 

obtained: 

9 where 

A = 

2 C = -1n(kx) + A + 1 

X= (v)l/2 

2 2 
(1+1/r-p} tn(I+() + p tn(l+w ), 

2 
(1+1/r) 1n(I+( ), 

V , (unstable case only) 

-------------------9 

(4.17) 

r~o. 0< 00 

(4. 18) 

r=O, 0= 00 

The meaning of p here is not to be confused with the meaning of the 
same elsewhere. 



(2E-1)(-Etan- 1 [((-w)/(w(+l)] + 1.5(1-E) . 

1/2 
• [(via) - 1), r~o. a<~ 

t = 

e/2 (2e-l)[l-(a/v) ], 
(4.19) 

r=0, o<~ 

-3, (unstable case only) r=0, o=~ 

and 

(l-E/2) e-2 -E 
p = w ~ 

( (r 
1/2 

= v) 
(4.20) 

1/2 
w = (r a) 

E = sign (~s> 

That the function C in (4.17) is not defined for r = 0 and o = ~ 

in the stable case is because the solution for 8' from (4.13) for 

these parameters does not satisfy the upper boundary condition (2.6). 

This isa consequence of the simple mode! K = v for v ~ z ~ h. 

That the new expression for C in (4.17) is an improvement on the 

expressions in (4.10) and (4.11) will become apparent later on. 

4.5. Universal constants A, Band C for the neutral case (~s = 0) 

In this section, expressions for the universal functions A, Band 

C when the stratification is neutral (~ = 0) will be derived from the 
s 
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generalized solutions for p and 8' in (2.25) and (4.13) respectively. 

Thus solving (2.25) for C1 /C 2 and (4.14) for c 1 /c2 with the upper 

boundary conditions p = 8' = 0 at z = h = I and combining the result 

with (3.1), the following expressions for A, B, and C are obtained: 

where 

A = z be - ad 
c2 + d2 

B = -:-tn k + 2 

C = tn [(l+r) 1+l/r/k] 

00 

a = l: (-1) n t2n/[(2n)!]2 
n=O 

00 

b l: (-l)n t 2n+i/[(2n+l)!] = 
n:O 

00 

C = l: (-l)n/[(2n)!] 2 

n=O 

00 

d = l: (-l)n/[(2n+l)!] 2 
n:O 

(4.21) 

2 

(4.22) 

and tn is defined in (2.27). Since in this case vis not defined, 

v = is used. Then the expression for C in (4.21) can also be 

obtained by simply setting v = o = e = I in (4.17) - (4.20). 

For k = 0.35 from (4.21) and (4.22) calculations yield the 

following values for the universal constants: A(0) = 1.42, 

B(0) = 1.90 and C(0) = 2.44 and C(0) = 2.05 for r = and r = O, 

respectively. The value of r = l is from subsection 5c where the 



results of this investigation are compared with observations in 

Antarctica. 

These values for A(0) and 8(0) are to be contrasted with the 

values A(0) = 1.57 and 8(0) = 2.99 reported in Zilitinkevich et al. 

(1967) in their Table 2. - It is stated therein that the latter values 

are from Blinova and Kibel who derived them from the solution of 

Eq. (2.l) for the mode! of k = z throughout the BL as was the case in 

finding the solution (2.28). Since in both studies the same problem is 

solved, the natura! conclusion would be that the solution should be 

exactly the same. However, it is difficult to conceive how the 

reported values in Zilitinkevich et al. (1967) came about unless their 

A and B have a different meaning, which does not seem to be the case. 

In this study, it is seen that Euler's constant (mentioned in 

Zilitinkevich et al., 1967) is absorbed in the constants of 

integration C1 and C2 as in (2.25) and therefore does not appear in 

the expression for 8(0). This is in contrast to the corresponding 

formula for 8(0) in Zilitinkevich et al. (1967) where Euler's constant 

is included explicitly. 

Other values for A(0), B(0) and C(0) that have appeared in the 

literature are summarized in Table I. 

4.6. 'Smoothed' universal functions A, Band C 

After experimentation it was observed that the two branches-­

stable and unstable--of the universal functions A, 8 and C meet 

approximately at us = 0. Therefore, it seemed reasonable to fit a 

function to the two branches in the neighborhood of u = 0 so as to 
s 
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make them "smooth" for all values of J.Js, and to facf litate the 

numerical solution of the system (3.7) - (3.9). 

Thus tt,e smoothed i-u11L;l-1u11;:, ,.,, 

a functlon, say, F(JJ ) read 
s 

F(JJ ) = s 

A, Bor C (before 
smoothing) 

,-. - - - .. --u 01 IU '-' \..At-"1 ....,_,_.....,._ 

(4.23) 

For each one of the functions F = A, Bor C the fitting consisted of 

' determining the coeffictents a 3 , a 2 , a 1 and a0 and the knot points JJn 

and JJP (in the negative and positive branches of JJ 5 respectively) such 

that F and its derivative are continuous at these points. The 

universal functions A, B and C thus obtained for the parameters 

o = 1000 and o = 10- 1 in (4.2) for the stable and unstable cases 

respectively and for r = I in (4.17) - (4.20) can be summarized as 

fol lows: 

A = 

+ 1. 5690, 

0.7071 x- 1 + 0.7071 x + 0.5 x2 - 0.3536 

2.832 X - 10 x2 + 9.656 
3 

X ' 

3 
X ' 

1 
(4.24) 



B = 

C -

- 3 3 -~ 2 l 527 10- 1 1.291•10 lJS + 1.972•10 lJ 5 - • • lJS -

- 2.5461, 

2 -1 -in(k X) - 0.7071 X + I + 0.7071 X+ 

+ 0.3536 3 
X ' 

in(k x2 ) - 3 + 9.656 x - 2.832 x3 + 

~ + 4.25 X, 

-8.529"10- 3 -µS 3 + 2.791"10- 2 lJ 5
2 -

- l.095-µ 5 + 1.319 

2 -1 -1 -in(k x) + (tan x - 1.43) x + 

-1 2 
+ ( 2 - 0 • 0 158 X ) in ( 1 + X ) , 

2 -1 -in(k x )- 3 - 3(tan x - 3.470)x + (2 -

if -6 ~ lJs~ I 

i f : lJs: ~ I • 5 

if JJs > 1.5 

2 
- 0.04743x)in(l+x) if lJs < -1.5 

and also 

~1.62 x, for JJS ) 0 
h 

= I (31. 62 X)' for JJs < 0 

X = ('V)l/2 

(4.25) 

(4.26) 

(4.27) 

The knot point values in (4.24) - (4.26) were determined by inspection 

of the shape of the theoretical curves as they approached lJs = o. It 

should be noted here that the values of the parameters o and r for the 

unstable case are to be used with caution, since further 
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experimentation with observations is necessary to confirm these 

val ues .. 

The values of a0 in (4.23) from (4.24) - (4.26) are in reasonable 

agreement with the values of A(0), 8(0) and C(0) computed from (4.21) 

and (4.22) and summarized in Table I. 

This completes section 4 and in the subsequent sections the 

smoothed functions A, 8 and C in (4.24), (4.25) and (4.26), 

respectively will be utilized in all the remaining calculations. 

5. RESULTS 

Once the A, 8 and C functions are established and before 

presenting the solutions of the system (3.7) - (3.9), a computation of 

lim ö and lim a for µ5 =±~from (3.22) and (3.26) respectively will 

be given first. 

5.1. Computation of ö for µs = ±~ (ij, << f/N or y = O) 

In this case, because of the smallness of v, a = 1 is obtained 

from (827). Upon substituting the analytical functions (4.6), (4.7) 

and (4.17) for A, 8 and C respectively into (3.22) and for constant o 

as in (4.2), the fol lowing expression for ö is obtained: 

ö = -b [tan- 1 (1) + (i - l)sign(I) n/2), (ij, 1- 0) ( 5. 1) 

where 



= 

and 

(unstable case only) 

a0 = [(l + i)f + 9(1 - i)g]/2 

b0 = [(l + i)g - 9(1 - t)f]/2 

r:t:0, 0< 00 

r:t:0, 0= 00 

(5.2) 
r=O, 0< 00 

r=O, 0=00 

( 5. 3) 

The definition of g is in (4.3), the definitions of f and g are 

in (4.6), of w in (4.20) and the definition of bis in Appendix A. 

Moreover from (4.8) it is seen that c = -1 and d = 0 fora= 00 

The expressions for I in (5.2) for r = 0 and o = 00 and for their 

combinations with r :t: 0 and o < 00 are included only to contrast the 

results of this investigation with the results that would be obtained 

if the medel in GM were instead adopted. The computation of 6 from 

(5.1) - (5,3) for various values of o and for both r = 0 and r = I are 

summarized in Table III. The value r = l was found in this 

investigation from a comparison of the results of this investigation 

with observations of o in the South Pole as reported in section 6. 

5.2. Computation ot o for ~s = ±® (~ = O) 

In this case also, the substitution of the analytical functions 
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(4.6) and (4.7) for A and B into (3.26) gives the following expression 

for t.he cross-isobaric angle a, which is valid for o constant in the 

range O < o < 00 : 

{
-b tan - 1 ( f / g) , 

0 
= complex 

if 

if 

iis 
(5.4) 

µs 

Here a = complex means that the analytical functions for A and B do 

not ful fil 1 the condition (3.24), i.e. I AI > kR -B , , 0 e in the 

neighborhood of ii = -~ and f and g are defined s in (4.8). As in 

subsection Sa, examples of the computation of a from (5.4) for various 

values of o are also summarized in Table 111. The value of 

0+00 = 45 deg for o = ~ coincides with Zilitinkevich and Monin's (1974) 

computation of from different A, Band C functions, and is 

positive because the computations are for the Southern Hemisphere. 

That 0+ 00 = 45 deg fora= 1000 means that it is big enough for 0+00 to 

approach its value at o = w very closely. 

5.3. Computation of the resistance and heat-transfer laws in the 

general case (y and G * O, 1 < ~0.1 and all x) 

Here solutions of the transcendental system (3.3) - (3.6) or 

equivalently (3.7) - (3.9) for the resistance and heat-transfer laws 

10 in the general case of O ~ ~ ~ ~0.1, N (or y) * 0, i.e. a * 1 (from 

827), G * 0 and for all possible values of x, are presented. For this 

purpose the 'smoothed' universal functions A, Band C in (4.24) -

10 
The symbol ~ in this connection means "an order of" 



(4.26) and displayed in Fig. 3 are used. This undertaking was 

suggested in GM (subsection c.4) and the results of this subsection 

are therefore considered to be a follow-up of that paper since it is 

the first time such solutions are presented. It is found that the 

system (3.7) - (3.9) is. sensitive to the choice of the A, B and C 

functions and that it can give multiple solutions for certain choices 

of the external parameters. Arya's A, Band C functions arean example 

of such a choice for which this system is sensitive as will be shown 

in the next section. 

Although the system (3.7) - (3.9) was solved for both stable and 

unstable cases and for various combinations of the parameters N (or 

y), R0 and S, for brevity the following discussions will be concerned 

only with the stable case solutions. The solutions for the unstab l e 

case will be dealt with in a separate investigation. 

Solutions of the system (3.7) - (3.9) fora (or 6), ~s' u./G and 

T./00 , in the Southern Hemisphere (~ < 0), for the parameters f, N (or 

y) typical of mid-latitudes, physically sound choices of the externa! 

parameters 

13. First 

-3 
R0 and Sand for~= 2 x 10 are presented in Figs. 4 -

7 a and 6 versus x are displayed in Fig. 4 for R = 10 
0 

and 

for different values of S. From Fig. 4, it is seen that depending on 

the specific value of S, there are three types or regimes of 

solutions, namely: a) regime-l for S < S (S isa certain critical 
C C 

value) the behavior of o is of the 'oscillatory' type, b) for s > s 
C 

of the 'staircase' type and c) for s = s c of the 'transition' type for 

s = s c' which can either be of the 'extreme oscillatory' (for s = s -) 
C 

or 'extreme staircase' (for S = s +) 
C 

types. The behavior of 6 in al 1 

three regimes is reversed. The critical value Se is seen to lie 
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between Se-= 701.470 and Se+= 701.475. This sub-division of the 

solutions into three regimes will occur if instead S is fixed and• is 

al lowed to vary from lower to higher than its critical values, 

either process gives origin to the same physical cause. 

since 

From the shapes of a and/or ö in Figs. 4 and 5, it is quite clear 

that in the 'oscillatory' regime the surface wind Ys must follow the 

geostrophic wind Q around the clock; first at a slower rate than G 

until a = amax' then at a faster rate so as to 'catch up' with § until 

a = a. and then at a slower rate again to complete the cycle. In the 
min 

'staircase' regime, on the other hand, it is seen from the shapes of o 

and/or ö that (assuming the 'starting point' x = 0) first V fol Jows G -s 

up to do/dx = 1 or ö = ö (1· e max · ·' dö/dx = 0), then retrocedes 

getting farther and farther away from g until once again do/dx = 1 or 

ö = ömin and final ly ts again fol lows g to complete the cycle. In 

other words, when V -s follows g around the clock, the regime is 

'oscillatory'; whereas when Ys follows g and then 'chooses' to stay 

where it is, the regime is of the 'staircase' shape. 

In the 'transition' regime the rapid change of o (as seen in 

Fig. 4c at Se-= 701.470) from near 225 deg to near -135 deg (passing 

through o = 0) in such a smal I interval of x is also possible to 

understand (with a little imagination) if the effect of all forces 

acting on Y5 , not only to change its direction but also to reduce its 

magnitude, is taken into account. Moreover, a distinctive feature of 

the 'transition' regime is that the system (3.7) - (3.9) yields 

multiple solutions (not shown here), which then disappear as S becomes 

less or greater than Se· Another feature is that ~s attains very large 

values. Calculations indicate that the value of ~s at S = Se must be 

extremely large, since the value for Se-= 701;470 or Se+= 701.475 at 



5 x = 225.4 deg is already of order 10. 

The physical cause for the existence of the three regimes must be 

due to the relative influence of the pressure gradient force (together 

with the Coriolis and frictional forces) on the surface wind in 

comparison with the infJuence of the gravity force (parallel to the 

sloping surface) as the value of S (or equivalently ~) increases from 

a subcritical toa supercritical value. 

The solutions for~, 
s 

'staircase' regimes for~ 

o, u*/G and T*/00 in the 'oscillatory' and 

-3 
= 2 x 10 and for three different values of 

R0 and S are presented in Figs. 6 - 9 and 10 - 13, respectively. The 

corresponding solutions for the case when ~ = 0 are shown in the same 

figures by the horizontal lines. 

The marked influence not only of the terrain slope (even when it 

is of an order as small as 10-3 ) but also of the orientation of the 

geostrophic wind (from the FLV) on the momentum and heat transfers in 

the BL above sloping terrain as compared to the transfers for the case 

when the underlying surface is horizontal can be clearly seen and 

appreciated from the figures. As to the influences of R ands, it is 
0 

also evident from the figures that the larger R and s are, the 
0 

stronger the influences will be. The other peculiarities of the 

solutions are left up to the reader's imagination, 

As to the influence of Son the solutions, from Fig. 5a, it is 

seen that as the value of S increases from 300 to 1100, first the 

maxima and minima in the curves of o (in the 'oscillatory' regime) 

become steeper and steeper as they approach the 'transition' regime, 

becoming steepest right at the 'transition'. After this, the curves 

correspond to the 'staircase' regime where a further increase in S 
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makes the curves approach a straight line, i.e., a = x + constant. The 

behavior of ö in the reversed sense is evident from Fig. 5b. 

6. COMPARISON WITH OBSERVATIONS 

In this section a comparison of the results of this investigation 

with observations wil 1 be presented. The meteorological measurements 

taken at the Amundsen Scott station in the South Pole (~ = -90 deg) in 

1958 are chosen for this purpose. These observations were analyzed by 

Dalrymple et al. (1966) for the sunless period (sun below the hori­

zon), March 22 -September 24, 1958 and data on the cross-isobaric 

inflow angle o are now presented as a function of the direction of the 

geostrophic wind (from N) in their Table 5. These data have been 

discussed in other contexts by e.g. lettau and Schwerdtfeger (1967), 

Neff (1981) and Radok (1981). 

To carry out the comparison, it was first necessary to determine 

the intensity and direction of the large scale terrain slope at the 

Soutr, Pole (i.e., representative at a scale of an area of about 1000 

km radius). Except for Dalrymple et al. (1966), other previous inves­

tigators simply estimated either the intensity and/or the direction of 

the surface slope at the South Pole. From four traverses and distances 

of 200 - 300 km from the South Pole, Dalrymple et al. computed an 

-3 
average slope angle of 1.76 x 10 rad with the FLV directed towards 

the Weddell Sea from 152 deg East of the Greenwich meridian. Bently 

(1971) in his studies of gravity increase at the South Pole estimated 

the local surface slope direction (or FLV) to be from 80 deg East 

meridian, but no estimate of the slope intensity was reported. Radok 

(1983) from an analysis of wind and surface elevation measurements 

during a 30 km vehicular run towards 80 deg East concluded that the 



local terrain upslope direction is indeed towards 80 deg East. Also 

from the surface elevation profile along 80 deg East from the South 

Pole (his Fig. 4), the local intensity of the slope is about 

-3 1.2 x 10 rad. In a more recent study Mclnnes and Radok (1984) have 

constructed surface elevation contour lines for the Antarctic plateau 

from the Soviet Atlas of Antarctica, which extends from the South Pole 

up to 980 km. From this, it is seen that the FLV through the South 

Pole (drawn orthogonally to the contour lines) is approximately from 

80 deg East. Also an estimate of the slope intensity from their Fig. 2 

-3 
gives a value of about 3.0 x 10 

Since the above calculated or estimated values of the surface 

slope intensity and direction, except for that of Mclnnes and Radok, 

are of local nature, an attempt was made to independently determine 

the intensity and direction of the surface slope at the South Pole. 

From an analysis of recent topographic maps of Antarctica prepared by 

the Scott Polar Research Institute of the University of Cambridge 

(Drewry, 1983), the estimated values of these two parameters (in good 

agreement with the above mentioned values, but in contrast with the 

average slope direction of Dalrymple et al.) are respectively 

~ = 2.5 x 10- 3 rad and directed downwards towards 240 deg from 

Greenwich meridian taken as North. A method to calculate ~ and the 

direction of the FLV is also given in Appendix 8. 

As to the other input externa! parameters for the mode!, esti­

mates from Dalrymple (1966), representative at a horizontal scale of 

the order of 1000 km or more around the South Pole, yield: 

-2 ~C/m, y = 10 e = 220 K, m z = 
0 

1 mm, and G = 8.2 ±2.4 m/s. This 

average value was computed from the "3-value running" means of G in 

Dalrymple's ( 1966) Table 10. From these parameters, the computed 
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surface Rossby number R0 [= G/(fz0 )], 
8 

is 6 x 10 . Because no direct 

measur.ements of e0 [= (0 - 0) at z = z0 ], i .e., the value of the 

temperature difference between the temperature inside and outside the 

BL at z0 = 1 mm, are available, to compute e0 a value for the externa! 

stabil ity parameter S at the South Pole S = 800 was assumed. From this 

value and the parameters specified above, the value of e0 , from 

80 = -SfG/8 (8 = g/0m)' is -21.4°C. This and the other values seem to 

be real istic representative values at the South Pole at a horizontal 

scale of 1000 km or more according to Lettau and Radok (personal 

communication). 

The frequency distribution of the observed a versus x (direction 

from the FLV of the geostrophic wind) in a slightly different 

arrangement than in Dalrymple et al. '(1966), is given in Table Il. A 

comparison of these data points with the theoretical results of a as a 

function x found in this investigation and for the parameters S = 800, 

R0 = 6 x 10 8 , w = 2.5 x 10- 3 rad, y = 1 x 10-2 0 c;m and 0m = 220 Kis 

shown in Figs. 14 and 15. In order to be able to make possible the 

comparison at any interval in x, the curves in Figs. 14 and 15 are 

plotted over two cycles. The solid curves represent the results when 

the A, 8 and C functions of this investigation are used and the dot­

dashed curves represent the results when Arya's A, Band C functions 

are used. Fig. 14 shows a comparison of the theoretical results 

against the frequency distribution of the data points presented in 

Table Il as a function of x. Fig. 15 shows a comparison of theoretical 

results with observations, where each data point is computed as a '3-

column running' rnean of the data points in Fig. 14 (or in Table Il), 

taking into account the corresponding frequencies as weight factors. 



In the '3-column running' mean computation, two of the data points, 

namely: a = 22 deg for x = 218 deg anda= 90 deg for x = 240 deg 

(Table Il), which were seen to fall completely off the main trend were 

removed. F i gs. 16 - 18 show the solutions forµ 
5' 

respectively, for the same choice of all externa! parameters and in 

a similar format as in Figs. 14 and 15. A comparison of these results 

with observations is not possible since no measurements of these 

parameters were carried out during the South Pole expedition of 1958. 

From Figs. 14 and 15, it is clear first of all that the overall 

agreement between the observed and the theoretical curves throughout 

the whole cycle is surprisingly good, considering the simplicity of 

the theory . The agreement with the dot-dashed curve is also good in 

the intervals, 0 ~ x ~ 152.15 deg and x > 281.13 (where µ ~ 82.76 and 
s 

µ5 ~ 85 respectively). This is precisely the interval where Arya's A, 

B and C functions are well-behaved. Next, it is also clear from 

Figs. 14 and 15 that both the theoretical and the observed curves of a 

correspond to the solutions of the 'staircase' regime, which as 

discussed above occurs when S exceeds a critical value, Se. From the 

parameters of the problem in this particular example, it is found that 

S = 574. 
C 

In Figs. 14 - 18 the dotted portion of the dot-dashed curves in 

the interval 115.42 < x < 281.13 deg is the interval where µ > 85 and 
s 

therefore Arya's A, Band C functions cease to be useful and are 

included only to satisfy the scientific query of what would the 

results be like if Arya's functions were used beyond the limit in 

which they are properly behaved. Further inspection of the dot-dashed 

curves in F i gs. 14 18 reveals that: ( 1 ) · in the intervals 

0 ~ x ~ 152.15 deg and x ~ 281.13 deg, where µ ~ 82.76 andµ ~ 85.00 s s 
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respectively (Fig . 16), a is continuous; (2) in the interval 

152.15 < x < 281.13 deg where µs > 85 in the whole interval and 

therefore Arya's functions are no longer useful discontinuities in a 

and µ at x = 152. 15 deg occur ( F i gs. I 5 and 16) ; ( 3) in the i nterva 1 
s 

I 15.42 < X < 152.15 deg, the existence of multiple solutions is 

evident (Figs. 15 - 18). Also in this investigation it is found that 

the computed value of h from the first expression in (4.27) is in 

reasonable agreement with the average value of the measured inversion 

heights reported by Dalrymple et al. (1966). 

Final ly , a closer look at Fig. 15 reveals that the theoretical 

curve and the data points differ in detail thus leaving room for 

imorovements and/or further tests of the theory with observations. For 

example, in the interval approximately 0 < x < 40 deg, the observed 

data points show a tendency to flatten out very sharply. At present, 

it is not clear what the reasons for this behavior are . It may be that 

the '3-column running' mean is not the proper way to represent these 

data or it could also be that the data is not perfect in this 

interval. The fit in the inverval 0 < x < 40 deg was slightly better 

(not shown) if in 1 ieu of the '3-column running' mean the '3-value 

running' mean of the column means or simply the column means was used 

for the comparison. However, as already mentioned, in this preliminary 

test no exhaustive experimentations with data, for example with some­

what different values of the input externa] parameters, are attempted. 

This wil 1 be a topic fora separate investigation. The point to be 

borne in mind from Figs . 14 and 15 is the interesting finding that the 

present theory is capable of reproducing the observed shape of the 

curve a versus x, although the more precise comparison of the two 



curves at any interval in x will depend on the more accurate determi­

nation, for example, of the externa! parameter S. 

7. CONCLUSIONS AND FUTURE OUTLOOK 

An extension of the model in GM for the BL above sloping 

terrain, to include not only a more general expression for the 'eddy' 

viscosity or diffusivity coefficient K that depends on both the 

interna! stabil ity ~sand height z toan arbitrary power, but also the 

stability dependent depth, h (~s>• of the BL as an additional 

parameter in the spirit of the papers by Zilitinkevich (1972) and 

Zilitinkevich and Manin (1974) is presented. From this mode!, 

analytical expressions for the mean wind and temperature structures in 

the BL which are also known as the velocity--and temperature--defect 

profiles in the context of the Rossby-number similarity theory for the 

BL above sloping terrain are derived. It is seen that these profiles 

depend not only on ~sand z, but, through the lower boundary 

conditions also on the other parameters of the problem namely: the 

surface Rossby number R and the externa! stabil ity parameter S in 
0 

addition to the slope angle ~ and the angle x the geostrophic wind 

makes with the FLV. 

Next , as by-products of these solutions on the one hand, 

analytical expressions for the universal functions A, Band C of the 

Rossby- number similarity theory (for the same functional form of K as 

in GM) are found. In analogy with the A, Band C functions of the BL 

above a horizontal surface, these functions are also functions of ~s 

alone. A comparison with the corresponding functions in GM shows that 

the former functions area generalization of the latter not only to 
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include additional terms, but also to include has an independent 

parameter. On the other hand, as a consequence of the asymptotic 

formula K = z (which is equivalent to the logarithmic asymptotes) in 

the dynamic sublayer, a system of transcendental equations for the 

geostrophic drag u*/G and heat-transfer T*/90 coefficients and the 

cross-isobaric inflow angle a is derived. This system is closed in the 

sense that there are four equations for four unknowns u*/G, T*/80 , 0 

and ~s (fora given set of the externa! parameters R0 and S and the 

angles w and x) and corresponds to the resistance and heat-transfer 

laws of the Rossby-number similarity theory for the BL above sloping 

terrain. 

Furthermore it fs seen that the shapes of the universal functions 

A, B and C depend on the solutions for the mean wind and temperature 

structures in the whole BL and therefore on the specific medel 

equations, the form of K, and the boundary conditions used; whereas 

the expressions for the resistance and heat-transfer laws depend only 

on the logarithmic asymptotes near the ground. From this, the 

interesting conclusions are that any theory which yields these same 

asymptotic formulas should also yield the same resistance and heat­

transfer laws and that different theories will give different A, Band 

C functions. 

As a further step in the improvement of these functions, 

Laikhtman and Kurdova's (1980) suggestion for the heat-flux profile in 

the BL, which allows for three free parameters is followed-up and 

generalized to include has an additional parameter. Two of these free 

parameters are connected with the boundary conditions and the third 

parameter allows for the heat-flux profile to have a curvature. From 

this, an equation for the temperature distribution is derived. From 



the solutions of this equation for the same functional form of Kas in 

GM, analytical expressions for the universal function C are obtained. 

This new C function is found to be more realistic than the previous 

one and is therefore used in all the calculations. 

For the universal functions A, Band C thus determined, first 

three special solutions of the transcendental system (3.7) - (3.9) are 

presented. Two of these solutions have much relevance in Arctic or 

Antarctic applications. Fur the special case of G = 0 and • << f/N 

~ 
(or y = 0) explicit expressions for the surface drag u.;u coefficient, 

and the direction (from the FLV) of the surface wind ö and r.;a0 are 

obtained when the stabil ity~ is known. For the other special case of s 

a very !arge ~s (i .e. in the limit of ~s =±~)and w << f/N (or 

y = 0), explicit expressions for the angles ö±~ and o±~ <o+~ is for 

the case when t = 0) are derived and found to depend only on the 

universal functions A, B and C or A and B respectively, i.e., 

ultimately only on ~. For the A, Band C functions found in this s 

investigation, the numerical values of these angles for r = 0 and 

r = 1 and for various values of o are summarized in Table 111. 

Next, numerical solutions of the transcendental system for o (or 

ö), ~s' u*/G, T./e as a function of x, for many combinations of the 
. 0 

' 
externa! parameters R0 and for Sand w in the range O ~ w ~ ~0.1 (see 

footnote 10) are obtained. From this, an interesting and novel result 

is the finding that there are three different types of solutions 

depending on whether S (or w) is less than, equal to or greater than a 

certain critical value S (or • ), which depends on the other 
C 

parameters. The solutions for S < S are of the 'oscillatory' type, 
C 

for 

type, 

S > Se of the 'staircase' type and for S = S~ of the 'transition' 

can either be of the 'oscillatory transition' (S = S -) or 
C 
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rstaircase transition' (S = Se+) types. The behavior of o anda in the 

three regimes is displayed in Figs. 4 and 5 anda physical picture for 

this behavior of the surface wind with respect to the geostrophic wind 

is offered. 

Diagrams of the solutions for o (or a), µs' u./G and T./e0 for 

both 'oscillatory' and 'staircase' types, + = 2xl0- 3 rad, three 

different values of R and S (for the stable case only) and values of 
0 

the Coriolis parameter f and Brant-Väisälä frequency N typical of the 

mid-latitudes are displayed in Figs. 6 - 9 and 10 - 13 respectively. 

From these figures, it is seen that there is an appreciable influence 

not only of + but also of x on the momentum and heat transfers in the 

BL as compared to the transfers (denoted by horizontal lines) for the 

case when the BL is above a horizontal surface. 

As a preliminary test of the results of this investigation with 

observations, a comparison of the theoretical values of o with data 

values analyzed by Dalrymple et al. 1966) from the observations in the 

South Pole is displayed in Figs. 14 and 15. The figures show that o 

versus x is of the 'staircase' type and that a comparison between the 

observed and theoretical curves is surprisingly good and therefore 

encouraging for further research along the lines of the present 

theory. Further comparisons of the results of this theory with 

observations not only in the stable case, but especially in the 

unstable case (not shown here) are left as a topic for a separate 

study. Such comparisons are essential to remedy or improve some of 

flaws of this theory. 

The following are extensions of this theory that can be 

considered as topics of separate research: a generalization of theory 



to fnclude the physical height of the BL as an independent parameter 

in the spirit of the papers by Zilitinkevich and Deardorff (1974), 

Melgarejo and Deardorff (1974) and Zilitinkevich and Manin (1974); the 

re-evaluation of the universal functions A, Band C from data in the 

light of the system (3.3) - (3.6) a generalization of the theory to 

include baroclinicity as an additional externa! parameter, etc. In 

conclusion it is hoped that this paper will serve as a guide in the 

planning of future observational expeditions to provide information as 

to what type of data or parameters to col lect, especially in such 

remote and perilous sites as Arctic and Antarctic regions. This would 

make it possible to critically test the validity of the present and 

various other theories in vogue today. 

\ 
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APPENDIX A 

List ot Symbols 

a = 1 / [ 1 + (N ~/f)2]1/2 (externa! parameter) 

A, B, C universal functions of JJ s 

+ 1 if 4> ~ 0 
b sign 4> = 

- 1 if 4> < 0 

c. real constants of integration in (2.26) for = 1,2,3 
1 

cp specific heat of air at constant pressure 

C. complex constants of integration in (2.25) for = 1,2,3 
1 

f modulus of the Coriolis parameter f (= 2 Q sin 4>) 

g acceleration of gravity 

G modulus of geostrophic wind G (externa! parameter) 

h height of the BL (function of JJs alone) 

H sensible heat flux at the surface 

= (- 1>1'2 

k von Karmån constant (set to 0.35 in the computations, Businger et 

al. , 1971) 

K, KH vertical and horizontal turbulence coefficients, respectively 
-

K, KH the same as K, KH but for the undisturbed fields 

L Monin~Obukhov length scale 

~ 
L latent heat of condensation 

N Brunt-Väisälä frequency (externa! parameter) 

q spec~fic humidity of the total field 

Q specific humidity of the undisturbed field 

Qr radiation component of heat flux 

r free parameter in (4.12) set to one in the computations 

R gas constant for air 
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R0 surface Rossby number 

S stabil ity parameter of the undisturbed field (externa! parameter) 

T absolute temperature of the total flow 

-
T absolute temperature of the undisturbed flow 

T. friction temperature 

u* friction velocity 

uv w x, y, z wind components of the total field (Fig. la) 

UV W x, y, z wind components of the undisturbed field (Fig. la) 

z0 roughness length {externa] parameter) 

a cross-isobaric inflow angle 

a~ inverse of the turbulent Prandtl number (set to 1.35 in the 

calculations, Businger et al. 1971) 

B = g/9m' buoyancy coefficient (externa! parameter) 

Bu empirical constant (set to 8 in the calculations) 

y = d9/dz lapse rate of the undisturbed field (external parameter) 

ö direction of surface wind from the FLV positive in 

counterclockwise direction (independent of either Northern or 

Southern Hemispheres) 

€ {
+l 

= sign (~ ) = 
s - 1 

if ~s ~ o 

if ~s < O 

~u empirical constant (set to -0 . 22 in the calculations) 

9 potential temperature of the total field 

0 potential temperature of the undisturbed field 

0 
m 

characteristic value of the potential temperature (set to 220 

in the calculations) 

0 surface value of 0 s 

A length scale for the BL above sloping terrain s 

the 



u5 interna! stabil ity parameter (s denotes sloping terrain) 

p air density of the total field 

p0 air density of the undisturbed field 

o empirical constant set to 1000 for u5 > 0 and to 0.1 for us < 0 

1 modulus of surface stress vector 

v an interna! parameter proportional to 1/us' defined in (2.17) 

~ latitude angle (~ < 0 in the Northern Hemisphere and~> 0 in the 

Southern Hemisphere) 

X 

w 

n 

BL 

deg 

FLV 

GM 

MS 

rad 

rate of liquid-phase formation 

direction of G from the FLV 

terrain slope angle in radians 

total vertical velocity in the transformed ((, n, ~)-system 

-5 
= 7.292.10 rad/s, the earth's rotation rate 

over a letter denotes a BL or MS field variable 

Abbreviations 

boundary Jayer 

degrees of an arc 

Fall-line vector (or :f<-axis in Fig. la) 

Gutman and Melgarejo ( 1 981 ) 

' mesoscale 

radians 

53 



54 

APPENDIX B 

Derivation of the Eqs. (1) and (2) of the main text and of 

the equations for the slope angle and direction 

In deriving Eqs. (1) and (2) of the main text, the method put 

forward by Gutman (1969) and more recently e.g. by Panofsky and Dutton 

(1984) wil I be followed to obtain expressions for the BL or mesoscale 

(MS) fields as deviations from their respective basic "undisturbed" 

(or background) fields. To begin, the model equations for the total 

turbulent atmospheric flow after applying the Reynolds averaging 

process can be quite general ly presented as, 

where 

and t is 

Cartesian 

orientation 

du 
dt - f V = -0 an+ l1u 

e ax m . 

dv + f u = -0 an+ l1v 
dt em ay 

dw 
dt 

+ g = 
-0 an 
9 -+ 6W 

m az 

d0 
dt = 

L 
C p 

0 = T(lOOO mb/p)R/cp 

93 
dt 

dp 
dt 

= - t + åq, 

(au+ av aw 
ax ay + az>P, 

ddt = aat + u .!... + v .!... + w a ax ay az 

6 = 
a a a a a 
ax KH -+ ay KH ay + -ax az 

time; the x, y and z axes form 

p = pRT 

a 
K az 

a right-handed 

coordinates with the x and y axes having an 

in the horizontal plane and the z axis directed 

(Bl ) 

system of 

arbitrary 

upward; u, 



v and w are respectively the components of wind vector along these 

axes; e is the potential temperature and q the specific humidity. The 

terms associated with the operator~ area parameterization via the 

'eddy' exchange or K hypothesis of the Reynolds stress, heat- and 

moisture flux terms that_ result from applying the averaging process. 

KH and K are the horizontal and vertical turbulence coefficients, 

respectively, which at this point are assumed to be the same for 

momentum, heat and moisture transports. The other notations are in 

Appendix A or are standard in meteorological parlance. 

The concept of undisturbed fields of meteorological elements, 

i.e., fields which would exist in the absence of BL or MS disturbing 

factors (such as orographic and thermal inhomogeneities, etc.) is 

introduced by assuming that all meteorological variables can be 

decomposed in the undisturbed part and the BL or MS part, which will 

be denoted by capital letters (sometimes by capital letters with a 

or a o) and primes, respectively. That is, 

a = e + e, ' p = p + p, ' J'.) = Po + p' 

T = T + T' ' q = Q + q, , 1T = n + 1T, 

u = u + u, ' V = V + V, ' w = w + w' (B2) 

' : e,: « 0 ' : p': « p 
' 

: J'.), : « Po 

: T': « T : q': « Q : ,r': « n, :a - 0 I « 0m ' 
, 

m' 

Observations show that the above inequalities are satisfied in 

all BL or MS processes. It is natural to think that the undisturbed 

fields must coincide with the large-scale circulation, such as that 

calculated by the current weather forecast methods. From (B2) it is 

also seen that in the absence of BL or MS disturbances, the 
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undisturbed fields must satisfy the system {Bl) identically. Thus the 

equations for the undisturbed fields can be presented as, 

where 

DU_ f V -0 an åU = --+ Dt 0m ax 

DV + ~ -0 an f u = --+ åV Dt 0m ay 

DW + -0 an åW g =--+ Dt em az 
Op 

<au+ av _o 
Dt - ax ay 

00 
= Qr + å0, Dt 

e = T{lOOO mb/P)R/cp 

QQ = 
Dt 

D 
Dt 

åQ, 

a -+ 
at 

- a -
å = - K ax H 

u a a w~ -+ V - + ax ay az 

a a - a + .L i< .L ax+ ay KH ay az az 

{B3) 

In deriving (B3) for simplicity the phase-transitions of water 

vapor are neglected by setting t = 0. Further simplifications in (B3) 

can be introduced e.g by noting that the terms Dlnp /Dt and W are 
0 

known to be small compared to their corresponding values in BL or MS 

processes. In most practical applications, the undisturbed 

meteorological fields will be required to satisfy simpler relations 

than in {B3). In the present investigation the undisturbed fields of 

wind and temperature will be assumed to be in geostrophic equilibrium 

and linearly increasing with height, respectively. Substituting the 

definitions (B2) into (Bl), subtracting {B3) from the result and 

neglecting the small terms, the following equations are arrived at: 



du' u' au + v' au + w' au f v' an' å'u, + 6U dt + - - + 
ax ay az ax 

dv' u' av + v' av + w' av f u' an' 6v' + 6V dt + -+ = - - + 
ax ay az ay 

dw' u' aw + v' aw + w' aw B 0' an' 6w' + 6W dt + = - -+ 
ax ay az az 

d0' u' ae + v' ae + w' aa L ~ + 68' + 60 (B4) dt + ax = ay az C p 

g_g' u' aQ + v' aQ + w' aQ 
- t + 6q' + 6Q dt + = ax ay az 

-
au' av' aw' = o'w, o' 

g . - Ry', = const, y'' aT 
+- +- = = ax ay az R9 az m 

T' 0' TT' e..:. CP~ L ~ T' 
= +- = = - 9 n ' p R n ' p 

T Po T 

where 

a - a a - a a - a 6 = -(K - KH>ax + -(K - KH>ay + -(K- K)-ax H ay H az az 

and 8 = g/0m is the bouyancy parameter. It is seen that Eqs. (B4) are 

quite general and therefore can be regarded as applying to most BL 

phenomena occurring in nature. In this investigation only a special 

form of (B4) will be considered. That is the case where the 

undisturbed flow can be assumed to be constant and in geostrophic 

equilibrium and the undisturbed potential temperature 1 inearl y 

increasing with height and in equilibrium with the motion. On the 

other hand, the BL or MS flow will be assumed to be incompressible and 
\_ 

in hydrostatic balance, with horizontal scales much larger than 

vertical scales by at least an order of magnitude such that the 

simplifications of 'shallow convection' can be utilized. Final ly the 

usual BL approximation whereby the vertical eddy coefficient for heat 

is larger than that for momentum by a the constant factor a~ wil l be 
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introduced. These considerations can be sunvnarized as, 

f u e an 
em ay 

0(z) = e + yz, 
s 

T' 
-
T 

= 
8' 
0 

= -

a a - K and ax H ax 

f V 

y = d0/dz = const 

0 
= oH 

a K a 
az az 

W = 0 

(B5) 

Also because information on turbulence pertaining to K is 

incomplete, the simplifying assumption that K = K will be used. This 

consideration together with (85) reduces (84) to, 

du' - f v' a1r' + .L (K au) 
dt = ax az az 

dv' ~ a1r' a av' 
dt + f u' = +- (K az> ay az (B6) 

d8' + w'y a 
(a~ K ::•) dt = az 

au' av' aw' o, a1r' +ae· +- +- = = ax ay az az 

Before seeking special solutions to (B6), next rather general 

transformation expressions will be developed to carry out the 

transformation from the (x,y,z)-system in the horizontal plane to the 

new terrain-following (~,n,l;)-system, such that the lowest ,-constant 

surface (i . e., , = 0) coincides with the profile of the terrain 

z = z (x,y) 
s 

which makes small angles of inclination with the 

horizontal plane. Because of the smallness of the slope angle the 

approximations ( ~ x and n ~ y will be used (Fig. la). Thus with the 

following simplified definition for the mapping 



( = X 

n = Y 

i; = i:;(x,y,z) 

(87) 

or z = Z(X,Y,,> 

and a straightforward application of the chain rule for partial 

differentiation, the following transformation expressions are derived 

(aa) = (ao) + (aa){a,> 
ax z ax, a, ax z 

,aa) 
ay z = (aa) 

ay' + ( aa > ( a i;) 
a, ay z 

J aa aa (88) = 
az a, 

a, 
MX /J 'ax>z = 

a, 
<ay)z = My /J 

~ 
d a a a a 
dt at + u ( ax> i; + V <ay>, + w a, 

where the definitions of J, M and My and the expression for the 
X 

vertical velocity w in the new system are 

a(x,y,z) az 
J - a(x,y,i:;) = al,; 

M 
az az 

= -<ax>, ' M = -<ay>, (89) 
X y 

Jw + az az di;) w = u ( ax) l,; + v<ay)i:; (w = 
dt 

\__ 

Here 0 stands for any one of the dependent or independent variables 

and the subscripts z and i; for partial differentiation in the respec­

tive coordinate system. J is the Jacobian determinant of the mapping, 

also known as the stretching coefficient and M and M can be interp-x y 

reted as the slopes in the ( and n directions, respectively. 

59 



60 

As to the shape of the new vertical coordinate ~ = ~(x,y,z), it 

seems natura! to assume 

z - z (x,y) 
s 

~ = h h - z (x,y) 
s 

(B10) 

such that ~ = 0 for z = zs(x,y) and~= h for z = h, where h is the 

height of the BL and zs(x,y) is the profile of the lower boundary. 

Solving B(IO) for z = z(x,y,~), the expression for the reverse mapping 

is 

(B 11) 

However, in the present investigation, the simplifying approxima­

tion zs(x,y)/h ~ 0 will be introduced. Therefore the expression for~ 

from (B11) is simply, 

~ = z - z (x,y), 
s 

with the inverse mapping 

(B12) 

(B13) 

Thus by partial differentiation of (B13) the expressions for the 

slopes Mx and MY, the Jacobian determinant and the vertical velocity 

for the total and deviation fields w and w' respectively in the new 

system are 



M 
az azs 

tan 1j, = -(--) = - = > 0 
X ax t; ax X 

M az azs 
tan "'y > 0 (Bl 4) = -<ay>t; = - = y ay 

J - 1 • W. = u) - utan "'x - V tan "'y 

w' = w' - u'tan ij,x - v'tan "'y 

where the terrain profile zs(x,y) has been approximated by an inclined 

plane and therefore 1j, and 1j, are respectively the 
X y inclined plane 

angles in the (and~ directions and are defined positive or negative 

if the axes are above or below the horizontal plane respectively 

(Fig. la). It can be seen that (B14) can also be obtained from (Bli) 

by assuming the slopes Mx and HY are independent of t; and equal to 

their values att;= 0. 

Substituting (B8) into (B6) and then (B14) into the result, the 

expressions (B6) become 

du' 
f v' dt -

dv' ~ 
dt + f u' 

~ 

= -

an' a au' 
(a><)t; - B0'tan "1x + at; (K ~) 

an' a au' 
<ay >t; - se'tan "1y + at; (K ~> 

d0' (w' - u'tan "' -
a o aa' 

dt + v'tan "1y)y = at;<oH K a"Z""> 

,au'> 
ax (; 

an' 
al; 

av' 
+ < ay > t; 

se' 

X 

, 
aw 

0 + = a (; 

( B 15) 

The assumption of horizontal homogeneity together with the lower 
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boundary condition w' = 0 at ~ = 0 yields, from the continuity equation 

in (B15), w' = 0 for all ~ . Hence with the assumptions of steady state 

in (B15), the following simple expressions for the BL above sloping 

surface are arrived at: 

d du' + f v' - B 8' tan • 0 cR(K ~) = 
X 

d dv' - f u' - B 8' tan • dc;(K d~) = 0 (B16) y 

Q_(K d8') + (u' tan • + v' tan • )y' 0 y' 0 = = y/oH d~ d~ X y 

As to the derivation of the equations for the terrain slope angle 

and the direction of the fal 1-line vector (FLV), first it can be shown 

that the coordinate-transformation from a horizontal Cartesian system 

with coordinates, say, X= (x,y,z)T twisted an angle a from the pro­

jection onto the horizontal plane of the fall-line vector (FLV), say, 

x" to the non-twisted and +-sloping Cartesian system, having the same 

origo, with coordinates, say, X'= (x',y',~)T is 

X' = 

cos• cosa 

-sina 

sin• coso 

cos• sina 

cosa 

sin• sina 

-sin• 

0 • X , (B17) 

cos+ 

where the x' axis is oriented positive downward along the FLV, a is 

measured from x(-) to x"(-) in the horizontal plane and is positive in 

the counterclockwise sense and• is the terrain slope angle (defined 

always positive)(Fig. la). (B17) shows that the relative orientation 

of any two Cartesian systems such as X and X' with convnon origo can be 

expressed in terms of o and•· From (B17), a two-dimensional coordi-



nate transformation from a o-twisted Cartesian system with coordi­

nates, say, H = ((,n)T to the non-twisted Cartesian system with coor-

dinates, say, X'= (x',y')T is obtained by simply setting, = 0 in 

(Bl 7). Thus 

X' = ( 
c~s o sin o ,) • H 

-s1n o cos.., 
(BIS) 

Note that the transformation matrices in (B17) and (Bl8) are 

orthogonal (i.e., the inverse matrix equals its transpose). 

As illustrated in Fig. la, the o-twisted horizontal system X is 

the system where (Bl)-(B6) are original ly written and the o-twisted ~-

i nc 1 i ned system with coordinate, say, rr = ((,n,~)T is the system 

where the Eqs. (BIS) and (B16) are written. From Fig. la, it is also 

seen that the IT-system can be obtained by rotating in counterclockwise 

sense the X-system an angle ~ with the positive y' as the axis of 

rotation and that the non-twisted ,-inclined system X' is the system 

where the final equations wil l appear. 

Next, if (a,b,c) are the coordinates of a vector V in the x~ 

system as shown in Fig. lb, then 

C 

sin, = 
V 2 2 c2)I/2 

(a + b + 

For V ',equa 1 to Y..( or Y..n (see Fig. la) with 

(-cos o,sin o,O)T T or (sin o,cos o,O) respectively in the 

(Bl 9) 

coordinates 

X'-systern, 

it follows from the inverse of (B17) that the coordinates a, band c 

for Y..( and Y..n in the X-systern are respectively, 
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2 2 (a,b,c) = [-cos ..p cos <J - sin o, 

( 1 - cos ♦ )sin <J cos <J, sin ..P cos o] 
(B20) 

(a,b,c) = [ ( 1 - cos ijl)sin o cos o, 

(cos ..Psino+ cos <J) sin <J, -sin + sin o] 

From (820) and (B19), it follows that 

sin +x = sin+ cos o 
(821) 

= -sin+ sin o 

A geometrical visualization of (B19) - (B21) and the mean1ng of the 

angles o, ..Px, ..Py and ip are given in Fig. 1 and (820) can be considered 

to be a system of two equations for the two unknowns ..P and o, i.e., 

the maximum slope angle (along the FLV) and the dlrectfon of the FLV 

if the slopes in any two perpendicular directions ..Px and +y are known. 

Alternatively, ijl and o can be computed from either one of the ex-

. pressions in (820) if the slopes, say, ..P 1 and ip 2 of two arbitrary 

traverses in the directions, say, 81 and 82 from a fixed reference 

point are known. This latter approach has been used, e.g. by Dalrymple 

et al. (1963) to calculate ip and o of the South Pole. 

From (B16) and (818), the following form of the final equations 

in the X'-system derived in GM is obtained: 

d du" ~ 
dt; (K dt; ) - f v" - B 1P 8' = 0 

(B22) 

d dv" ~ 
di; (K di; ) + f u" = 0 

!L_(K d0') + y' 1P u" = 0 di; di; 



where 

u" = u'cosa + v'sina 
(B23) 

v" = v'cosa - u'sina 

and 

sina= ,i,y1,i, , cosa = 

(B24) 

Note that in (B22) and (B24) because of the smallness of the angles 

,j,x' ,i,Y and ,i, the approximations tan x = sin x = x and cos x = are 

used for x either ,j,, ,i, or ,i,. Furthermore, as already mentioned above X y 

in deriving (B22), the positive x'-axis is made to coincide with the 

FLV (see Fig. la) and the meaning of the geostrophic wind G and its 

direction x from the FLV is given in Fig. 2. 

It is interesting to note that (B22) isa generalization of the 

usual Ekman BL equations to include the terms containing ,i,, of the 

~ 
Prandtl slope wind equations to include the terms containing f and G 

in u" and v", of Gutman and Malbakhov's (1964) equations to include G 

in u" and v", and of Brost and Wyngaard's equations to include the 

term containing y. Moreover, it is interesting to note that (B22) is 

one of the few examples of linear coupling between the wind and 

temperature fields in the atmosphere. 

Eqs. (B22) can be compressed further by the following linear 

combination 

cL. QQ) - i f p = 0 dt; (K dt; a 

(B25) 

d (K dq) 0 = dt; ~ 
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where 

p = a (v" - bB,j,8'/f) - ibu" 
(B26) 

q = v" + bf8' /(-y',j,) 

and 

a = [ 1 + ( N,i, / f / ] - 11 2 N = (y'B)l/2 

~ ~ 
f = 2Gsin4> (f = : f:) 

(B27) 

slgn♦ = {: 

for 4> ~ 0 
b = 

for 4> < 0 

The parameter bin (B27) is introduced to make (B25) applicable for 

either Northern or Southern Hemispheres. 

From the first equation in (B25), in analogy with the Ekman BL 

equations, the characteristic length scale for the BL above sloplng 

terrain must be 

ku* aku. 
). = = s (f/a) f 

(B28) 

where 

1/2 
u. = (t/p0 } T* = -H/(kp0 cpu*) (B29) 

If the fol lowing definitions for non-dimensional variables 

(denoted by bars) 

u. u. 
i; = ). -

si; p = k p q = kq 

(B30) 

K = ku•>-sK h = ). - z >-sZo sh 0 = 

• 



are substituted into (825), its non-dimensional form reads, 

d - dp 
(K -) - i p = 0 

d< d< 
( 831) 

d - dq 
(K -) = 0 

d< d< 

where 

a(kv"/u* - bµ ]I_ 8' i b(ku"/u*) p = -) -
2 

k T* 

2 

(kv"/u*) + b(-a-) ]I_ 8' (832) q = JJ 2 2 
1-a I( T* 

Final ly Eqs. (1) and (2) of the main text are obtained from (831) 

with < replaced by z and with the overbars in K, p and q omitted for 

simpl i city. 
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R is 

where t. is 

APPENDIX C 

The Generating Function R for Rn in (4.8) 

the generating function for R n• i . e. , 

CIO 

R(t.) = r R t.n 
n=-1 n 

an independent variable and 

R (t.) = z F G (Zo is Zn for n = 0) 
0 n-91 CIO 

F = r s t. 
n:O n 

CIO CIO m 
G = r { r Y 6n-e 1 } 

m:O n=2 n 

(n/2] 5n-2j 

s = qn r {S + 2[n - 93 - (2 + S)jHj} 
(n-2j)!(j!) 2 n j:O 

(n/2] 
Yn = zn r 

j:O 

j 

4>- = }: 1/k 
J k=l 

[n - 93 - (2 + S)j] 

,I. = 0 "'o 

{~ • n even 
qn = 

• n odd 

{83 -91T n even 
z = n 

93Q - 91 • n odd 

T = tanh (a) 

Q = coth (a) 

[n/2] = greatest integer ~ n/2 

5n-2j 

(n-2j)!(j!/ 
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and 

unstable (1,1s < 0) stable ( lJs > 0) 

01 = 0 81 = 

83 = 83 = 0 

s = 3 s = 

a = -( i 9a) i 12 a = - ( i 0')1/2 
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APPENDIX D 

Solution of the integral equation (4.14) 

It can be seen that the integral 

M k 
l: ak z 

k=O 
= f dz (DI) 

a z0 + b 2 13 

M where a, band {ak}k=O are complex numbers (a,b ~ 0), anda ande are 

rational numbers (a ~ 13), has the following solution: 

(02) 
Nk A ok(An-mk)/t 
I (-l)A tk • z /(An-mk)} + constant 

A=l 

In (02) the various symbols have the following meaning: 

Cl = 
n /m~ a a integers n ' ma' ne, me are 

e = nefme a 

t = :LCM(m0 ,m13 ): , (LCM = Least Common Multiple) 

(03) 
e; = B - a 

n = t : e;: ' ( i nteger) 

ok = sign [(Cl+ B - :el)/2 - k - 1 ] ' [sign(O) = 1 ] 
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mk = 1 : (a + 8 + okl€l)/2 - k - t:, ( integer) 

Nk = entier [(mk - 1)/n] (greatest integer ~ (mk-1)/n] 

ek = [l + sign(-ok€)] a/2 +[I+ sign(oke)] b/2 
(D3) 

tk = (b/a)sign(ake) 

2 2 
tn(x+iy) = (l/2) tn(x + y) + arg(x,y), (x,y = real) and arg 

is defined in (3.15). 
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TABLE I 

The Universal Constants A, Band C for neutral stratification 

Sourcea 

This investigationb,c 

This investigationb,c Eqs.(4.24)-(4.26) 

Arya ( 1975) 

Blackadar (1962) 

Blackadar and Tennekes (1968) 

Blinova and Kibel (1937)b 

Bobyleva et al. (1965)b 

Clarke (1970) 

Oeacon (1973) 

Gi 1 1 ( 196 7) 

Johnson (1965) 

Lettau (1959) 

Lettau (1962) 

Kazanski and Honin (196J)b { 

Yamamoto et al. (1968) 

Wippermann (1973)b 

Mon i n (1 986 ) 

A(O) 

1.42 

1.57 

5. 14 

6.7 

4.5 

1.57 

2.0 

4.5 

4.3 

4.6 

4.7 

4.8 

4.65 

1.69 

1.81 

1.6 

4.6 

4.3 

B(O) 

1.90 

2.55 

1.01 

1.8 

0.0 

2.99 

2.2 

0.9 

2.0 

1. 7 

2.3 

2.8 

1.1 

2.49 

1. 7 

2.3 

0.9 

1.1 

C(O) 

2.44(2.05) 

1.32(-17.54) 

1.86 

a The additional references can be found in either Deacon (1973), 
Wippermann (1973) or Zilitinkevich et al. (1967). 

b The indicated values of A, Band C are from theory. 

c The first value of C(O) is for r = land the value in parenthesis 
is for r = 0 in (4.21). 



TABLE 11 

Frequency distribution of cross-isobaric inflow angle (o) versus geostrophic wind direction (x) 
from the fall-line vector directed towards 240° from North (or Greenwich meridian), i.e. 
towards approximately WSW. 4 is the direction of the surface wind from the fall-line vector. 
All angles use counterclockwise turning as positive (adapted from Dalrymple et al., 1966, Table 
5). 

X (deg) 

a=x-4 
(deg) 15 38 60 83 105 128 150 173 195 218 240 263 285 308 330 353 

405 2 3 
382 I 3 
360 I 
337 
315 
292 
270 
247 I 
225 I 
202 I 
180 2 
157 2 4 
135 I 3 5 
112 4 2 2 4 I 
90 I 2 3 9 14 9 1 I 
67 6 10 14 13 26 13 2 1 
45 9 9 19 29 8 
22 1 3 8 2 
0 I 

Total no 
of cases l6 24 43 47 47 30 19 7 17 2 3 2 4 5 6 

l 5.9 8.8 15.7 17.2 17.2 11.0 7.0 2.6 6.2 0.7 I.I 0.4 0.7 1.5 1.8 2.2 

Total cases = 273 
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Table III 

Direction (from the fall-line vector) of the surface wind ö (when 

~ << f/N, therefore a = l) and the cross-isobaric inflow anglea a 

(when ~ = 0) for~ = ± 00 in the Southern Hemisphere (~ < 0). s 

Ö+oo Ö_oo Q+oo o_.,. 

~ 0 1 0 1 any r any r 

0. 1 273 . 82 273.76 121.76 118.25 I. 91 c~mplex 

1 306.67 302. 72 1 94. 1 1 177. 54 17. 96 complex 

10 50.65 14.68 217.83 193.33 46.27 complex 

100 80.65 37.02 222.90 194.48 45.00 complex 

1000 87.32 45.63 224.35 194.55 45.00 complex 

00 non-
existant 50.69 225.00 194.55 45.00 complex 

a These angles are positive because the computations are for the 

Southern Hemisphere. 
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y' 

Southem Hemiaphere 

FIGURE 2. Se.n.6e. oo the. a.ng.tv., a, o a.nd X in the. 14J--6.loping (x' ,IJ' )-p.ta.ne., 
a.) in the. NoMheJtn He.m,i,6phe1te. a.nd b) in the. SoutheJtn He.m,i,6phe1te.. a = 
x - o i-6 ne.ga.tive. in the. NoMheJtn He.rn.l6phe1te. a.nd p0-6iuve. in the. SoutheJtn 
H e.tnLö pheJte. . 
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