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Random Cascade Modeling of Subsurface Solute Transport Dynamics

Introduction


The unsaturated zone, situated between the soil surface and the groundwater table, plays an important role in all ecosystems and constitutes the base upon which the food chain is built. Plants take up nutrients and water from the unsaturated zone. Vegetation, in turn, is consumed by animals including human beings. Thus, harmful substances in the soil can pose a threat to human health. Another important aspect of the unsaturated zone concerns the recharge of groundwater. Groundwater constitutes an important water supply component for several purposes, such as domestic, industrial, and agricultural use, and is often considered as a clean water resource. However, polluting solutes from the soil surface can be transported down through the soil contaminating the groundwater. Description and prediction of solute transport is more complicated in the unsaturated zone than in the groundwater. This is due to, for instance, that the pore water velocity depends on water saturation and that chemicals can exist in both aqueous and gaseous phases.


Several solute transport modeling approaches have been developed over the years. Physically based equations have been developed to describe solute transport in a perfectly homogeneous medium with perfect mixing of the solutes in the horizontal plane, i.e., the convection-dispersion equation (CDE). Even though the basic criteria of this model are rarely met in most field soils, the CDE model has been successfully applied at both the column scale (e.g., Wierenga and van Genuchten, 1989) and the field scale (e.g., Biggar and Nielsen, 1967). Although homogeneous soils are more likely to allow perfect mixing, the CDE model has also been successfully applied to some heterogeneous field soils (e.g., Roth et al., 1991).


A refined model was developed from the CDE, namely the two-region non-equilibrium convection-dispersion equation (NECDE) (van Genuchten and Wierenga, 1976). In this model, the porous medium is assumed to contain both mobile and immobile water. Convective and dispersive transport take place in the mobile region while the solutes are stagnant in the immobile region.


One problem often observed is the scale effect of the dispersion coefficient derived from the CDE model. Several studies have shown that dispersion increases with depth or travel time (e.g., Sposito et al., 1986). This seems to be more common in the saturated zone. In the unsaturated zone, dispersion behaves differently depending on soil type and flow conditions.


Jury and Roth (1990) showed that if the dispersion increases linearly with depth, solute transport follows a stochastic-convective concept. This concept is based on the assumption that solutes are transported in isolated stream tubes at different velocities and do not mix (e.g., Raats, 1978). Assuming a log-normal travel time probability density function (pdf), Jury (1982) developed the convective log-normal transfer function (CLT) model. Several comparative studies have shown that the CLT model is superior to the CDE model, especially in heterogeneous soils (e.g., Butters and Jury, 1989). Models based on the stochastic-convective concept have been expanded to include, e.g., the effects of dispersion, immobile water, and reactive solute transport (e.g., Destouni and Cvetkovic, 1991; Destouni et al., 1994; Toride and Leij, 1996).


Analyses of experimental field data shows that a given solute transport concept may yield perfect predictions of macroscopic parameters like pore water velocity and dispersion for a given soil type under given conditions, but for different conditions the same concept can be unsatisfactory. Even in the same soil volume, the most appropriate solute transport concept might be different for different water flow regimes (e.g., Persson and Berndtsson, 1999). Which concept to choose for a given situation seems to be very hard to predict. Evidently, there is a fundamental lack of agreement between the actual processes taking place in the subsurface and the existing theories and concepts and, therefore, a need for novel approaches.

Scaling in subsurface transport: an overview


One possibility is to explore subsurface transport using the concept of scale-invariance or scaling (e.g., Schertzer and Lovejoy, 1991). Scaling, in the sense used here, implies the existence of process symmetries or regularities extending over a range of scales. This is a fundamental notion within fractal theory, developed by Mandelbrot (1982). A general consequence of scaling is that the process (or field) appears similar when observed at different scales (or resolutions). ‘Exact’ scaling, where small-scale features are simply carbon-copies of large-scale features (e.g., the Koch curve), is mainly of academic interest, but ‘statistical’ scaling has proved a highly useful approach for analyzing and modeling natural processes. 


Statistical scaling is typically manifested in so-called power laws, i.e., relationships on the form
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where Nq is some statistical measure (e.g., q:th order moment), s is a scale parameter, and Dq a characteristic function of the scaling behavior. It is worth noting that empirical power-law relationships were established for the water retention properties of soils long before the emergence of fractal theory (e.g., Brooks and Corey, 1964; Campbell, 1974). Fractal theory, however, provided a framework for systematically analyzing scaling properties in data sets, and during recent years scaling has been established as a key feature of various geophysical and hydrological processes (e.g., Schertzer and Lovejoy, 1991; Crawford et al., 1999). Therefore it was only during the nineties that the scaling approach to subsurface transport modeling was established and fully accepted.


Mainly due to that the soil heterogeneity can be properly represented, as opposed to the assumptions of homogeneity usually made in the past, it has become possible to relate structural and hydraulic properties of soil in physically based models (e.g., Perrier et al., 1995) which reproduce the fundamental empirical relationships for, e.g., the water retention curve (Perfect et al., 1996). Also, the behavior of processes such as infiltration, advective transport, contaminant spreading, and adsorption in soils with a scaling structure have recently been studied (e.g., Kemblowski and Wen, 1993; Chang et al., 1994; Neuman, 1995; Pachepsky et al., 1995).

The above investigations were generally based on monofractal scaling, which is defined by a linear Dq function. This is a restricted special case of the more general multifractal scaling (Frisch and Parisi, 1985), which accommodates also nonlinear Dq functions. While in monofractal scaling one single exponent is sufficient to characterize the scaling behavior, multifractal scaling involves an entire function which represents a hierarchy of exponents related to different process intensity levels.   

Multifractal scaling has been observed for various static properties of the soil matrix, such as aggregate fragmentation (Perfect et al., 1993), fracture apertures (Belfield, 1994), and surface strength (Folorunso et al., 1994). Very recently, evidence of multifractal scaling have been found for spatial variations in soil hydraulic conductivity and permeability (e.g., Liu and Molz, 1997; Giménez et al., 1999; Boufadel et al., 2000).   


So-called random cascade processes (Figure 1) have been proposed as a conceptual approach to model (multifractal) scaling properties (e.g., Schertzer and Lovejoy, 1987). Such processes are based on a redistribution of ‘mass’ into successively smaller units (i.e., at successively smaller scales; Figure 1). By specifying the rules of the redistribution, the resulting field can reproduce scaling properties observed in data. Cascade-based modeling has proved highly efficient for simulating hydrological processes, notably rainfall (e.g., Olsson, 1995). Liu and Molz (1997) and Boufadel et al. (2000) employed the so-called universal multifractal model (Schertzer and Lovejoy, 1987) to reproduce observed scaling properties of conductivity and permeability.

Problem statement and specific targets


Overall it is now clear that many fields and processes related to solute transport exhibit (multifractal) scaling properties, and that random cascade modeling is a relevant approach to reproduce these properties. However, presently lacking are (1) direct investigations of solute infiltration from a similar perspective and (2) investigations of transport dynamics. The present project aims at closing this gap by exploring the possibility of using scaling-based random cascade modeling to simulate the dynamics of solute infiltration in soils. 

Figure 1. The principle of a multiplicative cascade process.


It must be emphasized that cascade-based modeling makes it possible to deal with some of the most difficult problems related to the distribution and transport of water and chemicals in the subsurface. One of these is the reproduction of extreme values in stochastic models. Recent investigations have indicated a frequency of extreme chemical element concentrations in soil which can not be accommodated within the Gaussian-based description normally used (e.g., Olsson et al., 2001). Assuming a Gaussian distribution would lead to a serious underestimation of the largest concentrations, which in turn might lead to erroneous conclusions concerning, e.g., the effects on vegetation and the need for remediation following pollution incidents. By cascade processes, a more realistic reproduction of extreme values can be achieved. Another issue concerns up- and downscaling, i.e., estimating process properties at scales other than that of the available data. The transfer of observations and results between lab, plot, and field scales is a classical problem (e.g., Crawford et al., 1999). Further, as the collection of subsurface data is particularly work intensive, such prospects are particularly attractive. Cascade-based modeling constitutes a natural framework for developing effective methodologies for up- and downscaling, and has been successfully applied for rainfall disaggregation (e.g., Güntner et al., 2001). 


The overall aim of the project is to develop a cascade model framework for simulating the dynamics of solute transport over a range of scales in various soil types and under various hydraulic conditions. The development will be based on detailed infiltration experiments in both laboratory and field. The performance of the model will be compared with existing alternative modeling approaches. Methodologies for up- and downscaling will be developed and validated using the measured data. 

Preliminary results


Investigations of ‘frozen snapshots’ of the infiltration process in field soils, obtained by  dye experiments in Tunisia, have indicated a remarkable agreement between observed data, cascade-simulated infiltration, and theoretical scaling relationships. We have chosen to include these results in Project description below, for increased clarity of the concepts and methodologies (see Figures 2 and 4, and related text). The preliminary results strongly suggest that random cascade modeling also of the process dynamics will be fruitful.

Project description


In order to verify the hypothesis that solute transport can be modeled as a random cascade process
, detailed experiments, both physical and numerical, will be conducted. In contrast to previous applications of cascade models to subsurface properties, which have targeted static properties of the soil structure, we will consider the dynamics of infiltration. That is, how the cascade approach can be used to simulate the temporal evolution of vertical solute transport, particularly at field conditions including preferential flow.

Solute transport as a cascade process: the concept

 
A random cascade process has conceptual similarities with the preferential (or by-pass) flow often observed in field soils (Beven and German, 1982). As mentioned in connection with Figure 1, the principal effect of a cascade process is a redistribution of some quantity into smaller and smaller units of space. Initially, this quantity is assumed evenly distributed over the available space. In terms of infiltration, this can be considered analogous to a solute which is instantaneously and evenly applied over a certain area. In the first development stages of the cascade process, the intensity of the cascaded quantity exhibits a rather weak spatial variability. For infiltration in a field soil, this reflects weak, larger-scale, horizontal variations in hydraulic conductivity, producing weak differences in solute concentration. As the cascade process develops further, small regions with very high intensities (so-called singularities) start to appear. This emergence of singularities has conceptual similarities with solute transport through preferential flow-paths, which become successively activated with time. 


When the cascade process has developed for many steps, the generated field is characterized by a hierarchy of intensities, from numerous low-intensity values to a few extreme values. This leads to a pronounced variability, similar to what has been observed in dye images representing a ‘frozen’ snapshot of the infiltration process (e.g., Öhrström et al., 2001; Persson et al., 2001). The field further exhibits scaling properties (see further below).


A useful way to judge the applicability of a modeling concept is visual comparison between observed and model simulated fields. To the left is shown the observed horizontal variation in maximum infiltration depth over an area of 1×1 m. The contour plot is compiled from vertical dye images obtained during an infiltration experiment in an agricultural field in Tunisia, and thus represents the state of the solute transport after a certain elapsed time (‘frozen snapshot’). To the right is shown a field simulated by a random cascade process, with model parameters obtained from a scaling analysis of the observed data. It is apparent that the simulated field well reproduces the overall observed pattern of a deeper infiltration in highly irregular but generally connected areas. These areas, in turn, contain smaller, localized regions in which the highest infiltration occurs.
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Figure 2. Observed (left) and simulated (right) solute infiltration depths.


Finally we note that cascade processes may have a direct relevance for solute transport, as they were originally designed as conceptual models of hydrodynamic turbulence (e.g., Yaglom, 1966). Besides the obvious significance for the actual flow, in infiltration turbulence may also play a leading part by creating the hydraulic settings and shaping the flow paths, e.g., in the case of sedimentary deposition. 

Physical experiments


The cascade concept described above is well transferable into physical experimentation. As shown above, dye experiments are suitable for small scale investigation of solute infiltration. Laboratory experiments of two and three dimensional dye infiltration will be carried out. These laboratory experiments will be carried out in a controlled environment and, thus, provide data of high quality. Two-dimensional Plexiglas tanks have frequently been used for studies of preferential flow (e.g., Carrillo et al., 2000). The dye infiltration can be observed and photographed through the wall of the tank, an experimental setup which is established and accepted by the scientific community (Figure 3). However, this kind of experimental data has not been used for studying random cascade modeling as described in this application. Apart from the ‘frozen snapshot’ analysis of dye infiltration data, this experimental setup also allows for studying dye infiltration over time by recording dye images at short time intervals by a video camera. The spatial resolution can be very high. In field experiments we have used a pixel size of 1.4 mm, in the laboratory the pixel size can be even smaller, enabling data collection at a very high spatial and temporal resolution. Moreover, and importantly, the dye images can be converted to quantitative concentration images using a recently presented technique (Aeby et al., 1997) using image analysis. In the experiments, various particle size distributions of soil material will be tested, ranging from entirely uniform to highly skewed. Different water contents and water fluxes will be used.

Figure 3. Experimental setup (after Carrillo et al., 2000).


If required, complementary field experiments will be performed. In these, solutes will be applied as point or line sources. After the solutes have infiltrated, the soil is excavated and detailed measurements carried out. Two types of tracers will be used, dye and salt. The dye tracer can be detected by photographing soil transects that are excavated. Salt tracers can be detected by measurements of electrical conductivity using the newly developed Sigma probe, that measures the soil water electrical conductivity in a very small soil volume (around 1 cm3).
Analyses of experimental data


To verify the existence of scaling properties in experimental data, which is a prerequisite for the use of random cascade processes, various techniques are available. Some standard statistical methods of compactly characterizing data sets may be used to acquire preliminary indications whether scaling-based description is feasible. If the empirical probability distribution function of intensities R, i.e., Pr(R>r), follows the power law
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where r represents intensity threshold levels and qcr is an exponent, this indicates the existence of scaling. Similarly, if the power spectrum E(f) varies with frequency f as
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where ( is another exponent, the data are scaling in its most fundamental sense. Thorough explanations and applications of these general indicators of scaling to subsurface properties may be found in, e.g., Olsson et al. (2001) and Öhrström et al. (2001).


For a more detailed characterization of the scaling, that is, not only its existence but also its specific properties, somewhat more elaborate analyses are required. The most common method is to study whether average statistical moments of the field R relates to observation scale (or resolution) s as
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where K(q) is nonlinear if the data are characterized by multifractal scaling. Figure 4 (left) shows an evaluation of (4) for two-dimensional, ‘frozen snapshot’ maximum infiltration depth data such as shown in Figure 2. The linear variation show that the data are accurately described by (4). Figure 4 (right) shows the corresponding K(q)-function, which is clearly nonlinear. The type of scaling may also be identified by studying so-called structure functions, which essentially correspond to the semi-variogram often used with in geostatistics.
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Figure 4. Scaling in terms of statistical moments for observed infiltration data.


In the present project, we will analyze the data obtained in the physical experiments using the above described methods. Of particular interest is to analyze the fields obtained at different stages of the infiltration process, something which has not been previously performed to our knowledge. This will show how scaling properties develop and vary in time, which will be the basis of the subsequent development of a random cascade model. 

Numerical developments


Based on the analyses of experimental data, random cascade modeling of solute transport dynamics will be performed in the present project. It is intended both to calibrate existing cascade models, and to develop entirely new models. A cascade process is specified by a number of general characteristics, e.g.:

· Branching number. This number specifies how many sub-units that are created at each branching of the cascade (it is typically two, as in Figure 1). 

· Generator. The generator specifies the probability distribution of the weights that determine how much of the cascaded quantity that is transferred to each sub-unit (W in Figure 1).

· Additive or multiplicative. In a purely additive cascade the weights are added to produce the amount in each sub-unit; in a purely multiplicative the weights are multiplied (Figure 1). Generally multiplicative cascades create a more variable field, than do additive cascades. Often cascades with both additive and multiplicative components are required to fit observed data.


One of the most popular existing random cascade models is the so-called universal multifractal model, developed by Schertzer and Lovejoy (1987). This model has a branching number of two, a generator with Lévy-(or Pareto-)distributed weights, and accommodates both additive and multiplicative components. The model has shown to well reproduce spatial variations in conductivity and permeability (e.g., Liu and Molz, 1997; Boufadel, 2000), and we intend to test its applicability to solute infiltration. It is however not certain that the universal approach is optimal for the present process, and we therefore intend to develop and test also other model structures.


Cascade parameters will be related to characteristics of the soil and the hydraulic conditions of the experiments. A fundamental issue is the relationship between time elapsed after solute application and number of cascade steps required to capture the variability. This will be assesses by comparing (observed and modeled) fields obtained at different stages of the infiltration process, with the ‘frozen’ dye images obtained from field experiments. This relationship is likely to vary with soil type and hydraulic conditions.

Expected results and their significance


The underlying hypothesis in the research described in this application is that solute transport dynamics in porous media can be described as a cascade process. The detailed and fundamental experimental study at well-defined conditions will make it possible to accept or reject this hypothesis. We wish to emphasize the following three key features of the project, which add up to provide significant new knowledge concerning the applicability of cascade models:

· We focus on infiltration dynamics, not only static properties of the support (i.e., the soil).

· We work with very high resolutions in both time and space.

· We consider concentration levels, not only presence/absence of solute.


The results are fundamental and might have a large impact on future conceptualization and modeling of solute transport, not least as the approach makes it possible to deal with some of the most difficult problems related to solute transport. The outcomes of this work will be published in several national and international scientific journals. Scaling and fractal processes have gained interest in media recently, therefore, it would be possible to publish articles also in non-expert journal, e.g., Forskning och Framsteg. It should finally be remarked that the laboratory experimental setup, aside from its scientific value, has a potentially high pedagogical value as it can be used to visualize and demonstrate the concepts of solute transport, preferential flow, and cascade processes to a non-expert audience.
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